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PREFACE 

T h i s  manual w a s  w r i t t e n  f o r  t h e  u n i n i t i a t e d .  The r e a d e r  w i th  

merely a knowledge of high schoo l  mathematics should be  able t o  o b t a i  

a s o l u t i o n  to--as w e l l  a s  a d d i t i o n a l  in format ion  about--a l i n e a r  

programming problem a f t e r  s tudy ing  t h i s  manual. Moreover, he should 

be a b l e  t o  o b t a i n  such a s o l u t i o n  by employing e i t h e r  hand c a l c u l a t i o  

or t h e  ui4IVAC 1108. 

The manual i s  d iv ided  i n t o  t h r e e  p a r t s .  P a r t  I1 e x p l a i n s  how t o  

o b t a i n  a s o l u t i o n  t o  a l i n e a r  p r o g r a m i n g  problem by us ing  hand 

c a l c u l a t i o n .  P a r t  I provides  t h e  mathematical  background necessary  

t o  understand P a r t  11. Part  I11 d e s c r i b e s  t h e  t e c h n i c a l  a s p e c t s  o f  

f i n d i n g  a s o l u t i o n  via t h e  U~JIVAC 1108. An i n t e r p r e t a t i o n  of  t h e  

a d d i t i o n a l  in format ion  a v a i l a b l e  from t h i s  computer i s  also given i n  

the t h i r d  p a r t .  

The r e a d e r  wit,h a knowledge of e lementary  l i n e a r  a l g e b r a  may 

t h e r e f o r e  wish t o  beg in  wi th  P a r t  11; whi l e  t h e  r e a d e r  who wishes 

merely t o  know "how t o  punch arid a r r ange  h i s  c a r d s "  may re fer  t o  

P a r t  111. 
c 

This  manual i s  n o t  mathematical ly  "pure" i n  t h a t  p roo f s  are 

excluded.  However, whenever a s t a t emen t  is made for which a proof 

i s  r e q u i r e d ,  p roper  r e f e r e n c e  i s  g iven  f o r  t h e  i n t e r e s t e d  r e a d e r .  
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PART I : MATHEXATICAL BAC.KGROUND 

CHAPTER 1: MATRICES 

1.1 D e f i n i t i o n s  and Nota t ion  

An rn x n (read rn by n) mat r ix  i s  an a r r a y  of elements  a r r m g e d  

i n  m rows and n columns. Fo r  ou r  purposes ,  t h e  m a t r i x  e lements  w i l l  

be real .  nu rbe r s .  

I t  i s  convenient  t o  have a method of d e s i g n a t i n g  a m a t r i x  element 

by its p o s i t i o n .  

, l i t h l l  row and t h e  I4 jthU column of mat r ix  A. 

Hence, by a i j  w e  s h a l l  mean t h e  element  i n  t h e  

Thus i f  A is t h e  3 x 4 matr ix :  

2 3 6  
0 7 -2 11 

-32 8 1 9  - 
a11=2 a2 3=-2, a12=3, a32=8, a 2 4 = l l ,  etc. N o t e  t h a t  a23#a32 

where by "Z" we mean "does n o t  equal .  " 

W e  s3y t h a t  t h e  order of t h e  above ma t r ix  i s  ( 3 , 4 )  s i n c e  t h e r e  

are three r o w s  and f o u r  columns. 

A submatr ix  of a g iven  ma t r ix  is a m a t r i x  ob ta ined  from t h e  

o r i g i n a l  by d e l e t i n g  any number of rows and/or columns. A few 

submatrices of m a t r i x  A above are: 
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6 

-2  

1 9  19 - 4  / ; 

E q u a l i t y  of ma-rices. L e t  A nd B b t h  be m x n n 

11 1 ;  

t r i  es 

( i - e . ,  t hey  have t h e  same order.)  I f  t h e  element  i n  t h e  i - t h  r c " t  and 

j - t h  column of A is  equal  t o  t h e  element  i n  t h e  i - t h  row and j - t h  

cGlumn of B for each  e lement ,  w e  s a y  t h a t  mat r ix  A is equa l  t o  ma t r ix  B. 

Syn-bol ical ly ,  A=& i f  and o n l y  i f  a i j  - for all i =: 1,2,3,...,m - b i j  
arid f o r  a l l  j=1,2,3, ..., m. 

For rea l  numbers a a r d  G, by "acb", we rneatl t h a t  rea l  number a 

is less  than  rea l  qumber b. By " a ( b " ,  we mean that .  a i s  less  than  

o r  equal  t o  b .  That  i s ,  "a<b" - i s  trlic i f  e i t h e r  a<b o r  a=b. 

Hence it i s  + r u e  t h a t :  
2 5 3  

-7<4 

2 4  3 

5 C 5  a l though "5<5"  is  n o t  t r u e .  
L 

,- 

I f  t h e  e lement  i n  t h e  i - t h  row and j - t h  column of matrix A is 

less than  o r  e q u a l  t o  t h e  element  i n  t h e  i - t h  r o w  and j - t h  column 

of ma t r ix  B f o r  each. p a i r  of cor responding  e lements ,  w e  s a y  t h a t  

m a t r i x  A i s  less than  o r  e q u a l  t o  m a t r i x  €3. 

Symbol ica l ly ,  A(B i f  and only i f  aij(--bij f o r  all i=l,2,..*,m 

and f o r  a l l  j=1 ,2 , . . . ,n .  
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With t h e  above d e f i n i t i o n s  f o r  comparing matrices, w e  have: 

2 2 
A =  (: 7 -:> = (ls 7.-:j = B ' = c  ; - ? # c  ; - ?  = B  

13  e s i n c e  a13=8#3=b 

s i n c e  al2=4+7=b 12 and a32=7#4=b 32 ' 

s i n c e  155.5, -35-0, 4 5 4 ,  and 2 2 - 6 .  

A =  -:) p ;) 
I s i n c e  2-41, 

s i n c e  A is  2 x 2 and B i s  2 x 3 and, hence,  t h e y  cannot  be 

compared. 

A =  (1, -7, 2, 5)  < ( 8 ,  -3, 2 ,  5 )  = B  - 
By "afb", we mean t h a t  it i s  n o t  true t h a t  a=b, and by "a$b," 

t h a t  it i s  n o t  t r u e  t h a t  a s h .  
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I. 2 Elementary R o w  Opera t ions  

L e t  A be  t h e  m x n mat r ix :  

11 a 

a2 1 

1 2  

2 2  

a 

a 
"13" * * . . * . a  I n  
a2 3 * * * .a 2n 

32 a33 - - * * - .a 3n a a31 

a ........ a 
ai-Rl  am2 m3 m n  

There a r e  t h r e e  t y p e s  of e lementary r o w  o p e r a t i o n s  which w e  may 

perform on mat r ix  A t o  o b t a i n  a new mat r ix .  W e  may: 

(1) Mul t ip ly  a n y  roh by a r e a l  nwher c:thes than  zero .  

( 2 )  I n t e rchange  any t w o  rows. 

( 3 )  Replace any row hy i t s e l f  p l u s  a m u l t i p l e  of some 

o t h e r  r o w .  

( N o t e  t h a t  when we speak of mul t ip ly ing  a r o w  by a r e a l  number, 

w e  mean t h a t  each element  i n  t h i s  r o w  i s  m u l t i p l i e d  by t h e  g iven  

number. 1 

(i ;i3 i) 
(i 1; ;) 

L e t  A = 

B =  
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2 8 1 *I D =  1 1  6 -7 

1 -2 -34 io 
Matrix B is obtained from matr ix  A by performing an elementary row o p e r a t i c n  of 

type (I.) cn matr ix  A ( i . e . ,  we mul t ip l i ed  t h e  second row of matr ix  A by 1 / 3 ) .  

Matrix C is obtained from matr ix  B by performing an elementary row ope ra t ion  of 

type (2) on matrix B (%.e. ,  w e  exchanged row 2 and row 3 . )  K a t r i x  D was obtained from 

matr ix  C by performing a n  elementary row ope ra t ion  of type ( 3 )  on matr ix  c ( i . e . ,  we 

rep!.aced t h e  t h i r d  row i n  matrix C by i t s e l f  p l u s  ( - 4 )  t i m e s  the second row). 

I f  A and E are two m x n matrices such t h a t  lnatrix B is obtained from matr ix  A 

through a series of elementary row ope ra t ions ,  we say that A is row equival-ent t o  B 

dnd we write AWE. Hcncc, from our above example, we have A U D .  

It can be sliown rat!ier e a s i l y  t h s t  i f  A N B ,  then BTJA. That is, i f  we can 

start w i t h  matr ix  A and o b t a i n  matr ix  E through a series of  elementary row opcra- 

t i o n s ,  then w e  can a l so  s t a r t  with matr ix  B a d  ob ta in  m t r i x  h through another  

series of elementary row ope ra t ions .  The d i s c u s s i o n  is excluded h e r e  s i n c e  it does 

n o t  relate t o  our  o b j e c t i v e .  The i n t e r e s t e d  r e a d e r  is  r e f e r r e d  t o  Cullen,  page 26. 

. *  

B matrix is  s a i d  t o  be i n  row reduced eL-!-alon f o G  i f  i t  satisfies t h e  follow- 

ing fou r  cond i t ions :  

(1) The f i r s t  nonzero element i n  each row is "1". 

(2) I n  any column con ta in ing  t n e  f i r s t  nonzero element of 

some row, t h a t  element is t h e  oniy nonzero element i n  

t h a t  column. 
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(! n 

(31 The z e r G  rcws--if any--come l a s t .  

( 4 )  When t h e  l e a d i n g  “1 Is” i n  t h e  nonzero rows are conrIected 

by a brr;ken l i n e ,  t h a t  l i n e  s l o p e s  down and t o  t h e  r i g h t .  

The fol1owir.g rratrices are i n  r o w  r e luced  eche lon  form: 

0 1 0 0 0 0 0 0 9 0 6  

0 0 0 0 I O  0 0 6 2 - 1  
0 0 1  

I n  p a r t i c u l a r ,  w e  s h a l l  see m a t r i c e s  which resemble t h e  l a s t  

example above again i n  P a r t  11. The fo l lowing  matrices are n o t  i n  

~ G W  reducec7 eche lon  f o r m :  

The po in t  t o  be made h e r e  i s  t h a t  any ma t r ix  can be p u t  i n  a 

unique r o w  reduced eche lon  form. through a series of e lementary  r o w  

o p e r a t i o n s  (CUI len, page 60).  Tha t  i s ,  f o r  any n a t r i x ,  A ,  t h e r e  

e x i s t s  a unique ma t r ix ,  B ,  (where E is  i n  row reauced eche lon  form) 

such t h a t  A r J B .  

(1) Put  t h e  i n  r o w  reduced eche lon  form. 
\3 3 -12 7 

Examples : 
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Rearranging rows t o  
place a "I" i n  a de- 

- 3  -12 7 - i 2  s ired pos i t i on .  

Replacir?g tho s,?curid 
r o w  by i t s e l f  plus 
( - 4 )  t i m e s  t h e  f i r s t .  

LP 
- 3  -12 7 

Replacing t h e  t h i r d  r o w  
by itself p l u s  t h r e e  
times t h e  first. 

U"' 

-2 1 
Mult ip ly ing  the second rcw 
by f-lj2) t o  o b t a i n  a n o t h e r  
"1" i n  a d e s i r e d  position. 

Replacing the first r o w  
by itself p l u s  t w o  

0 -3  -9 10 t i m e s  t h e  second. 

0 7  
Replacing t h e  t h i r d  row 
by i t s e l f  p l u s  t h r e e  
t i m e ,  t h e  second. 

Mul t ip ly ing  the t h i r d  r o w  
by 2/17 to o b t a i n  ano the r  
"Itf i n  a d e s i r e d  p o s i t i o n .  
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Replacing t h e  second r o w  
by i t s e l f  p l u s  (l/2) t i m e s  
t h e  t h i r d .  

@ 
0 0  

( 2 )  P u t  t h e  matrix( -: 3 i n  LOW reduced eche lon  form. 

Here w e  have condensed ou r  wcrk by pe r fo rn ing  several operatioris 

i n  each s t e p .  , 

Ey t h e  r a r , k  of a nkntrix, w e  s h a l l  mean t h e  nurrrber on nonzero r o w s  - -- 
i n  i t s  r o w  reduced echelon form.* 

Hence, t h e  rafik of t h e  3 x 4 ma t r ix  3 i s  t w o  s i n c e  \1 10 21 1 .  

it  can be showr, t h a t  i t s  r o w  reduced eche lon  form is: 

* I n  ~ m s t  t C x t s ,  t h i s  i s  s t a t e d  as  t h e  r e s u l t  o f  a n o t h e r  definition 
c;f n a t r i x  rai:k. 
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1.3  Determinant of a Square Matr ix  

I: 1.3 

I n  t h e  expres s ion :  ( 2 )  ( 4 )  ( 8 ) + ( 6 )  ( 9 ) - ( 2 0 )  (17) (-8) ( 5 ) ,  t? era zze 

t h r e e  terms. The f i r s t  term c o n t a i n s  t h r e e  f a c t o r s ;  t h e  second t e r m  

c o n t a i n s  t w o  f a c t o r s ;  and t h e  t h i r d  term c o n t a i n s  f o u r  f a c t o r s .  

A squa re  m a t r i x  i s  a ma t r ix  w i t h  t h e  s a m e  number of r o w s  2nd 

columns (i.e., m=n). 

For e v e r y  s q u a r e  ma t r ix ,  A, there  exists a r ea l  number called 

t h e  de t e rminan t  of A ( w r i t t e n  14 ) .  

By d e f i n i t i o n ,  i f  A i s  t h e  n x n s q u a r e  rnatrix 

a13.. ..... .a 12 
aZ3.. ..... .a2n a21 a 22 1 a31 a 32 a33' - - - - ' .= 3n 

t i  r I  

/A] = t h e  sum of a l l  possible t e r m s .  of t h e  form 

alia2ja3k........a n r  

where each t e r m  i s  preceded by an a p p r o p r i a t e  s i g n  (4- or -) which 

is determined by a specific r u l e  (Hadley, page 30). That  i s ,  each  

t e r m  c o n t a i n s  n f a c t o r s ,  The on ly  r e s t r i c t i o n  i s  t h a t  each term 

must c o n t a i n  one  and o n l y  one f a c t o r  from each r o w  and one and on ly  

one f a c t o r  from each  column. Thus, if A i s  t h e  4 x 4 squa re  mat r ix :  
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A would c o n t a i n  t h e  fo l lowing  t e r m s :  (1) ( 4 )  ( 2 )  (51 ,  ( 3 )  ( - 8 )  (6) (01, 

( 2 )  ( 0 )  ( 2 )  ( -10)  e tc .  b u t  would n o t  c o n t a i n  ( 3 )  ( 4 )  ( 2 )  ( 5 )  s i n c e  3 and 2 

are both  i r i  t-be same column. 

I f  w e  choose t h e  f i r s t  f a c t o r  of each t e r m  from the f i r s t  row and 

t h e  second f a c t o r  from t h e  second r o w ,  e t c . ,  each t e r m  w i l l  have one and 

on ly  one f a c t o r  from each row. I f  w e  then  d i s c r e t e l y  select  each 

f a c t o r  so t h a t  po t e r m  h a s  more than  one f a c t o r  from each column, w e  

w i l l  have l i s t e d  each term i n  1.1 
Since  t h e r e  are f o u r  cho ices  for t h e  f i r s t  f a c t o r  of a t e r m  and 

t h r e e  cho ices  f o r  t h e  second f a c t o r  ( a f t e r  t h e  f i r s t  h a s  been s e l e c t e d )  

and t w o  cho ices  f o r  t h e  t h i r d  f a c t o r  ( a f t e r  t h e  f i r s t  t w o  have been s e l e c t e d )  

) a n d  only one choice  f o r  t h e  f o u r t h  f a c t o r  ( a f t e r  t h e  f i r s t  t h r e e  have 

been chosen) ,  t h e r e  w i l l  be 4! = ( 4 )  ( 3 )  ( 2 )  (1) = 24 t e r m s  in/./. 

The r eade r  may b e  f a m i l i a r  w i th  c e r t a i n  " t r i c k s "  f o r  e v a l u a t i n g  

t h e  de te rminant  of a 2 x 2 o r  a 3 x 3 mat r ix .  

For example, i f  C= 

I 
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I t  should  be k e p t  i n  mind, however, t h a t  these " t r i c k s "  f o r  e v a l u a t i n g  

a de terminant  are a r e s u l t  of t h e  d e f i n i t i o n  (page 9 ) .  The problem 

arises when one t r ies  t o  ex tend  t h e s e  techniques  t o  e v a l u a t e  a deter- 

minant of m a t r i x  A where A i s  t h e  ma t r ix  above. 

Example : A =  6 

5 -10 

Copying t h e  f i rs t  t h r e e  columns t o  t h e  r i g h t  of t h e  de te rminant  

and a t t empt ing  t o  use  ou r  prev ious  t r i c k s ,  w e  would have: 

+ 

W e  see t h a t  w e  o b t a i n  on ly  e i g h t  of t h e  twenty-four t e r m s  i n  t h e  

sum by t h i s  technique.  I n  p a r t i c u l a r ,  the  t e r m  ( 3 )  (-8) (6) (0)  (which w e  

p rev ious ly  agreed  t o  i n c l u d e )  i s  missing--along with t h e  o t h e r  f i f t e e 2  

t e r m s  which should  be inc luded  i n  t h e  sum accord ing  t o  t h e  d e f i n i t i o n  of 

a de terminant .  W e  t h e r e f o r e  conclude t h a t  t h e  " t r i c k s "  c i ted above 

which work when e v a l u a t i n g  a 2 x 2 o r  a 3 x 3 de te rminan t  caniiot be 

used when e v a l u a t i n g  a de terminant  of order g r e a t e r  t han  t h r e e .  

F o r t u n a t e l y ,  however, w e  do n o t  have t o  r e s o r t  t o  t h e  d e f i n i k i o n  

every  t i m e  w e  e v a l u a t e  a de te rminant  of o r d e r  f o u r  o r  more. 



-12- 
I: 1.: 

A scheme i s  a v a i l a b l e  which enab le s  us  t o  e v a l u a t e  t h e  de te rminknt  

of  any square  ma t r ix  A .  

L e t  A be an n x n mat r ix .  Reca l l  t h a t  a is t h e  e l e m e n t  Ln t h e  i j  
t h e  submatr ix  of A 

Denote by A i j  
i - t h  row and t h e  j - t h  column of A. 

which i s  ob ta ined  by d e l e t i n g  t h e  i - t h  row and j - t h  column. Hence 

A . . i s  an n-1 x n-1 ma t r ix .  i j '  
i s  a rea l  number and i s  c a l l e d  t h e  c o f a c t o r  of e l e m e n t  

i s  c a l l e d  t h e  minor of element  a Ai j 1 7  

IAijl 
(-1) i + j  

i j '  a 

For  a nonnegat ive i n t z g e r  (whole number) p ,  

Recal l  t h a t  ( - 1 I p  = 
1, i f  p i s  even 

-1, i f  p i s  odd c 
I t  can be  shown (Cu l l en ,  page 6 9 )  t h a t  if we choose a row of 

ma t r ix  A ( i . e . ,  f i x  i), then  1 AI can be eva lua ted  as follows: 

i + n  
...+ (-1) a in  lAinl for any i = 1 , 2 , .  . . 

Likewise,  w e  can choose any column of ma t r ix  A {i.e. f i x  j) . 
W e  would then  have: 

n 1.1 = >I (-1) 
i= 1 

i + j  
a i j  [ A i j ]  

f o r  any. j = l , 2 , .  . . 

Formally s t a t e d ,  w e  can e v a l u a t e  t h e  de t e rminan t  of ma t r ix  A 

through expansion by minors of r o w  i or through expans ion  by minors  



- 1 3 -  
I: 1 

of column j .  

Example: L e t  A be t h e  4 x 4 ma t r ix  c i ted above (page 11). L e t  u s  

e v a l u a t e  I A 1 through expansion by minors of t h e  second column. 

Here lA121 I A 2 2 1  ' and 1%21 are 3 x 3 determinants  and can be 

evaluated by t h e  t r i c k  d i scussed  b e f o r e  which is  v a l i d  f o r  2 x 2 and 3 x 3 

de te rminan t s .  If  w e  choose,  however, w e  may e v a l u a t e  t h e  3 x 3 

de te rminan t s  lAIZl , IA22 I , and lA321 through expansion by minors of 

any of t h e i r  t h r e e  rows or columns. Note t h a t  w e  need n o t  b o t h e r  

jA421 s ince [e4d=0 .  T h i t  i s ,  (-1) (0) A 4 2  = 0 no matter eya lua r  i n g  

what lA42i  i s .  
4+2 I I 

It  is  t h e r e f o r e  advisable t o  e v a l u a t e  a de te rminant  through 

ininors o f  t h e  row OK column which c o n t a i n s  t h e  m o s t  z e ros .  

Re tu rn i sg  t o  t h e  above expans ion ,  s i n c e  

= -42, ar,d A = 27 ,  w e  have: I 321 IA12 I = -1, 

1AI = - ( 2 )  ( - 1 ) + ( 4 )  (-421-19) (27)+0 = -325 



-14- 
I: 1.4 

1.4 Addition and Multiplication of Matrices 

Let A and B be n x m matrices 

/all a12.. ..... .al$ ) 
Example: A = 

v m 1  am2........amd 

We define the sum, A + B, to be the m x n matrix: 

D =  

I ....... 

dm2........d mn 

. That is, to add two matrices, we merely add 
ij+ b i j  

where dij= a 

corresponding elements. 

””> 0 01-11 
Example: -3 2 4 - c  i1 3 = c” 2+(-6) (-3)+1 8+2 
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Note t h a t  w e  only d e f i n e  the a d d i t i o n  of two matrices which have 

Now l e t  A be an m x n ma t r ix  and B an  n x q m a t r i x .  T h a t  i s ,  t h e  

number of colu,;lns i n  A is equa l  t o  t h e  number of rows i n  B .  

W e  d e f i n e  t h e  product ,  AB, t o  be t h e  m x q matr ix :  
/ I\ 

c12""""c 

(. 2q 
c = [ : :  c22.. ; e.. . . .c 

ml Cm2 . . e . . . . .  c 

n 

k= 1 
where dij = a i k  b kj = a il b 11 .+ ai2b2j+.. . . ,  -I- ainbnj . T h a t  i s ,  t o  

o b t a i n  t h e  element i n  t h e  i - t h  r o w  and j - t h  colurmi of t h e  product  

mat r ix ,  w e  t a k e  t h e  i - th  r o w  of A and t h e  j - th  coluinn of B and add 

cor responding  elements .  
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N o t e  t h a t  w e  d e f i n e  ma t r ix  m u l t i p l i c a t i o n  on ly  i f  t h e  number of 

columns i n  t h e  l e f t  ma t r ix  is  equa l  t o  t h e  number of rows i n  t h e  r i g h t  

mat r ix .  Hence i t -  A and B are t h e  matrices of example (11, EA is  

meaningless  s i n c e  t h e r e  are f o u r  columns i n  t h e  l e f t  ma t r ix ,  B, b u t  

two rows i n  the r i g h t  matr ix ,  A. 

Hence w e  see t h a t  AB f BA s i n c e  AE w a s  t h e  2 x 4 product  ma t r ix  of 

example (1) , whi le  BA is n o t  even de f ined .  

I t  may happen t h a t  both AB and BA are def ined .  T h i s  w i l l  be t h e  

case if A and B are b o t h  square  matrices of t h e  same order. 

Example : 
I 

Since  A is 3 x 3 and B i s  3 x 3 ,  AB i s  3 x 3 and fo r  t h e  s a m e  reason ,  

BA is 3 x 3. We have: 

(0) (1 )+( -2 )  ( 2 ) + ( 5 )  (0) 
( I f  ( 1 ) + ( 3 f  ( 2 ) + ( 0 )  (0) 

(0) (5 )+ ( -2 )  ( 3 ) + ( 5 )  (-1) 
(1) ( 5 ) + ( 3 )  ( 3 ) + ( 0 )  (-1) 

(0) (O)+ ( -2 )  ( 1 ) + ( 5 )  ( 4 )  

(1) ( 0 ) + ( 3 )  ( 1 ) + ( 0 )  ( 4 )  A B =  1 

14 3 
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Note t h a t  i n  t h i s  case a l s o ,  w e  have AB # BA. Because of  t h i s ,  w e  

A: s ay  t h a t  "mat r ix  m u l t i p l i c a t i o n  is n o t  commutative". 

B: However, m a t r i x  m u l t i p l i c a t i o n  i s  a s s o c i a t i v e .  By t h i s  w e  mean 

t h a t  i f  A i s  an m x n mat r ix ;  B i s  an n x q m a t r i x ;  and C i s  a q x r 

matrix, then  

(AB)C = A ( B C )  

Thar. i s ,  w e  w i l l  o b t a i n  equa l  matrices by e i t h e r  of t he  f a l lowing  

proceGur9s : 

(1) Mul t ip ly  t h e  m x n m a t r i x  A by t h e  n x q matr ix  B an the 

r i g h t  t o  o b t a i n  t h e  m x q m a t r i x  AB. Then m u l t i p l y  t h e  mat r ix  AB on t h e  

r i g h t  by t h e  q x r ma t r ix  C t o  o b t a i n  t h e  m x r matr ix  (AB)C.  

(2 )  Mul t ip ly  t h e  n x q mat r ix  B on t h e  s i g h t  by t h e  q x 1: 

matr ix .C 50 o b t a i n  t h e  n x r matr ix  BC. Then m u l t i p l y  t h e  m a t r i x  BC 

on t h e  l e f t  by t h e  m x n m a t r i c  A t o  o b t a i n  t h e  m x r ma t r ix  A(BC) . 
C: W e  a l s o  have t h a t  A=B imp l i e s  AC=BC and C A K B  f o r  any matrices 

C and D for which t h e  i n d i c a t e d  m u l t i p l i c a t i o n  i s  d e f i n e d .  

1 .5  The I n v e r s e  of  a Square Matrix 

A square  ms t r ix  of t h e  form 
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1 0 o... ..... 0 
0 i 0 ........ 0 
0 0 l..*-..*.O 

0 0 0........1 

( i . e . ,  All elements  on t h e  d iagonal  a r e  "I" w h i l e  a l l  o t h e r  e l emen t s  

are "O".) 

w e  w i s h  to specify t h a t  it is n x n). 

is called an  i d e n t i t y  ma t r ix  and denoted by I (or by In if 

Note t h a t  i f  A is any square A x n ma t r ix  and I is t h e  n x n 

i d e n t i t y  mat r ix ,  then  AI = IA = A .  
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Given a s q u a r e  m a t r i x  A , two q u e s t i o n s  arise: 

(11) Is t h e r e  a s q u a r e  m a t r i x  B (of t h e  same o r d e r )  such 

t h a t  AB = I? 

( 2 )  I f  such a mat r ix  e x i s t s ,  how do w e  c a l c u l a t e  i t s  e lements?  

If such a m a t r i x ,  b, e x i s t s ,  w e  say t h a t  A i s  nons ingu la r  and ca l l  
-1 

It can be shown t h a t  i f  B = A-1 e x i s t s ,  then  AB=BA=I 

B t h e  i n v e r s e  of A. W e  d e s i g n a t e  this by w r i t i n g  B = A . 
A: 

I f  no such B e x i s t s ,  we say t h a t A  i s  s i n g u l a r .  

I t  can be shown (Cu l l ens ,  page 74)  t h a t  a c o n d i t i o n  which implies 

t h a t  A-1 e x i s k s  and which i s  impl ied  by t h e  e x i s t e n c e  of A - l  is that 

1.1 f 

* * * Note t h a t  we t a l k  abou t  Ad’ and !A] only f o r  square  matrices A.* * * 

B: I f  we have  an n x n square  m a t r i x  A f o r  which w e  havi. decided khat there 

e x i s t s  an i n v e r s e  B (i.e.,  57e 

c o n t r u c t  B as fo l lows:  

have found t h a t  IAff 0 1 ,  w e  proceed to  

...... .b 

B =  

..... 
en/ 

bn2.. .b 

(-I) i+j A .i 
where bij = . W e  recall that A j i i s  t h e  submatr ix  of A 

I A i  

ob ta ined  by d e l e t i n g  t h e  j - th  r o w  and the i d t h  column. 

Hence, bij, t h e  e lement  i n  t h e  i - t h  row and j - t h  column of  t h e  
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i n v e r s e  of A, i s  t h e  c o f a c t o r  of aji, t h e  element i n  t h e  j - t h  r o w  and 

i - t h  column of T.., d iv ided  by t h e  de t e rminan t  of  A (which i s  n o t  zero). 

(y = -45 # 0 , 
we know t h a t  t h e r e  e x i s t s  a 3 x 3 m a t r i x ,  B ,  such t h a t  AB=BA=I = 

1 5 
That is, w e  know t h a t  A-1 e x i s t s .  

w e  expanded by minors of t h e  f i r s t  column. 

I n  t h e  above e v a l u a t i o n  o f / k J  

We proceed t o  c a l c u l a t e  A f o r  i , j  = 1,2,3. We have: 
i j  

= 0-5  = -5 
0 I I  
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2 
I A 3 3 1  L=: 6-0 = 6 

Hence 

(-1) 2+1 IA2  J 
(A 1 

(-1) ( -5) 
-45 

-1/9 

0 

2/9 
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Needless t o  say ,  the c o n s t r u c t i o n  of  2i-I f o r  a l a r g e  m a t r i x  A 

would be  a t e d i o u s  t a s k .  The u t i l i z a t i o n  of an electronic computer 

when workir.3 wi th  a problem which e n t a i l e d  t h i s  t a s k  would prove in -  

valuable. 
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CHAPTER 2: SYSTEMS OF SIMULTANEOUS LINEAR EQUATIONS 

2 . 1  D e f i n i t i o n s  

A l i n e a r  equa t ion  has  t h e  form: 

a x + a2x2 4. anxn = b 1 1  

a where al, a2' a3 ,........, 
. . . . I  xn are t h e  "unknowns" o r  var iab , lcs .  

and b are c o n s t a n t s ,  wh i l e  xl! x2# x3'.... n 
By a s o l u t i o n  ko t h e  above 

linear equa t ion ,  w e  s h a l l  mean an n x .1 matrix such t h a t  t h e  

for xl, s f o r  x2, e tc .  "1 2 above equat ion  is t r u e  i f  w e  s u b s t i t u t e  

4 5  + 3x2 - 7x3 i- 2x4 = 7 

Let us  now cons ide r  t h e  fo l lowing  system of s imultaneous l i n e a r  

equa'rions: 
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2x + x2 + 2x3 = 3  

x1 + 3x2 + 2x3 = -1 

-xl + 2x2 - x3 =: -4 

1 

What does it mean t o  " so lve"  such a system? B y  a s o l u t i o n  t o  

i s  a s o l u t i o n  t o  each of t h e  t h r e e  l i n e a r  equa t ions  i n  t h e  system. 

s a t i s f i e s  t he  second and t h i r d  eqtiacions s ince it does not s a t i s f y  

t h e  f i r s t .  

A t  t h i s  p o i n t ,  we do n o t  know whether o r  n o t  t h e  zbove system 

has  a s o l u t i o n ;  and i f  it does,  whether it has  one or many. That 

i s ,  a system of s imultaneous l i n e a r  equa t ions  may have: 

(1) no s o l u t i o n s  

(2) one s o l u t i o n  

(3) many s o l u t i o n s  

2 . 2  Finding  a Solu t ion  

Two systems of s imultaneous l i n e a r  equa t ions  are s a i d  t o  be  

e q u i v a l e n t  i f  t hey  have t h e  same- s o l u t i o n s .  
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Thus, when f aced  w i t h  f i n d i n g  t h e  s o l u t i o n  o r  s o l u t i o n s  ( i f  any 

exists) of a system of s imul taneaus  l i n e a r  equa t ions ,  ou r  o b j e c t i v e  w i l l  

be  t o  Q b t a i n  an e q u i v a l e n t  system ( i . e . ,  me wi th  t h e  s a m e  s o l u t i o n s  as  t h e  

o r i g i n a l )  b u t  which is easier t o  so lve .  

Given t h e  gene ra l  system of s imultaneous l i n e a r  equat ions :  

allxl + a12x2 + a l p 3  +.-  . . - - - -  + alnxn = bl 

+ a 2 2 X 2  + a 2 3 ~ 3  +..-.-.-. f a2nxn = b2 a21x1 

a31x1 + a32x2 + a 3 3 ~ 3  +......-. + a3nxn = b3 

+ am3x3 f........ + amxn = bm m2 x2 + a  a m l X l  

an  e q u i v a l e n t  system w i l l  be  ob ta ined  i f  w e :  

(1) In terchange  any t w o  equa t ions .  

( 2 )  Mul t ip ly  bo th  s i d e s  of any equat ion  by a nonzero cons t an t .  

( 3 )  Replace any equat ion  by i t s e l f  p l u s  s o m e  m u l t i p l e  of 

any o t h e r  equa t ion .  

The f i r s t  t w o  a s s e r t i o n s  are easy  enough t o  j u s t i f y ;  t h e  t h i r d  

requires only  a l i t t l e  more contemplat ion.  

L e t  u s  u s e  t h e s e  t h r e e  t r i c k s  r epea ted ly  t o  o b t a i n  a "convenient" 

system of s imultaneous l i n e a r  e q u a t i o n s  which is e q u i v a l e n t  t u  our 

o r i g i n a l  system on page 27 .  

2x. f x2 + 2x3 = 3 

x1 + 3x2 + 2x 
1 

= -1 3 (System #l; O r i g i n a l )  

-xl + 2x2 - x3 = -4 
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L e t  u s  f i r s t  i n t e rchange  t h e  f irst  and second equa t ions  to o b t a i n  

t h e  e q u i v a l e n t  system: 

x1 + 3x2 + 2x3 = -1 

(System # 2 )  2x1 + x2 + 2x3 = 3 

-xl + 2x2 - x3 -- -4 

L e t  u s  now r e p l a c e  t h e  second equa t ion  by i t s e l f  p l u s  (-2) t i m e . ;  

t h e  f i r s t  equa t ion  t o  o b t a i n  t h e  e q u i v a l e n t  system: 

x + 3x2 + 2x3 = -1 

- 5x2 - 2x3 - - 5  

-xl + 2x2 - x3 = -4 

1 
(System 13) 

L e t  u s  now replace t h e  t h i r d  equa t ion  i n  t h i s  system by i t s e l f  

p l u s  one t i m e s  t h e  firs:. equa t ion  t o  o b t a i n  t h e  equiva1er.t  system: 

(System #4) 

x1 + 3x2 + 2x3 = -1 

- 5x2 - 2x3 - - 
3 - 

5x2 + x3 = -5 

Let u s  now m u l t i p l y  t h e  second equat ion  by (-1/5) t o  o b t a i n  

t h e  e q u i v a l e n t  system: 

(System #5) 

x1 + 3x2 + 2x3 = -I 

x2 +2/5x3= -1 

5x2 f x3 = -5 

Let u s  now replace t h e  f i r s t  equa t ion  by i t s e l f  p l u s  ( -3 )  t i m e s  

the second e q u a t i o n  t o  o b t a i n  t h e  e q u i v a l e n t  system: 

+ 4/5x3 = 2 

5x2 + x3 = -5 

x1 
(System t 6 )  x2 -!- 2/5x3 = -1 
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L e t  u s  now rep lace  t h e  t h i r d  equat ion  by i t s e l f  p l u s  (-5) t i m e s  

t h e  second t o  o b t a i n  t h e  e q u i v a l e n t  system: 

+ 4/5 x 3  = 2 

- x3 = 0 

1 X 

x + 2/5 x3 = -1 2 (System #7)  

L e t  us  ROW m u l t i p l y  t h e  t h i r d  equa t ion  by (-1) t o  o b t a i n  t h e  

e q u i v a l e n t  system: 

+ 4/5 x3 = 2 x1 
(System # 8 )  x 2 + 2/5  x3 = -1 

x3 = 0 

L e t  u s  now r e p l a c e  t h e  seccnd! equa t ion  by i t s e l f  p l u s  (-2/51 

. ) t i m e s  the t h i r d  to  o b t a i n  t h e  e q u i v a l e n t  system: 

+ 4/5 x3 = 2 

x3 = 0 

1 X 

=-' -1 
* 2  (System #9)  

Let us now r e p l a c e  t h e  f i r s t  equa t ion  by i t s e l f  p lus  (-4/5) 

t i m e s  t h e  t h i r d  t o  o b t a i n  t h e  e q u i v a l e n t  system: 

(System # l o )  
= 2  

= -1 
1 X 

x2 
x = o  3 

W e  now have a system of s imultaneous l i n e a r  equat ior ,s  €or  which 

it it easy  t o  f i n d  a solution--namely (9 = f) (i .e.  x1=2, x2=-l, 

x =O) 3 
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Since  w e  are a s su red  t h a t  System #lo is  e q u i v a l e n t  t o  car  o r i g i n a l  

+ x2 + 2x3 = 3 

+ 3x2 + 2x3 = -I 
2x1 

-xl + 2x2 - 
x 1 

x = -4 3 

2.3 The Matr ix  of  C o e f f i c i e n t s  and t h e  Augmented Matr ix  

Consider  aga in  t h e  gene ra l  system of m s imultaneous l i n e a r  

equa t ions  i n  r? unknowns: 

allxl + a12x2 + a13x3 +........+ alnxn = bl 

+ a22x2 + a23x3 +-.....-- + a2nxn = b2 a21x1 

The m x n matrix 

1 2  

22  

a 

a 

m2 a 

i s  calle6 t h e  ma t r ix  of c o e f f i c i e n t s  f o r  t h i s  system. 

The m x n + l  (read: m by (n  p l u s  one) ) matrix 
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1 2  

22  

a 

a 

1 3 "  * * * a  I n  

2n 

a 

aZ3.. . . .. . . a  '1 b2 

is  c a l l e d  t h e  augmented m a t r i x  of t h i s  system. 

Given a system of s imultaneous l i n e a r  equa t ions ,  it i s  a s imple  

matter t o  c o n s t r u c t  t h e  augmented mat r ix  which r e p r e s e n t s  t h i s  system. 

For  example, t h e  system 

3x + 5x2 - 7x3 + x = 2 1 4 

2x2 c x - 8x4 = 20 3 

f x = o  4 6x1 - x2 

is  rep resen ted  by t h e  augmented m a t r i x  

where w e  i n c l u d e  the b a r  merely t o  remind o u r s e l v e s  t h a t  t h e  elements  t o  

t h e  l e f t  of t h e  b a r  are t h e  c o e f f i c i e n t s  of t h e  unknowns i n  o u r  system, 

wh i l e  t h e  e lements  t o  t h e  r i g h t  of t h e  b a r  are t h e  c o n s t a n t s  on t h e  

r i g h t  side of t h e  e q u a l  s i g n s  i n  ou r  system. 

Likewise,  it is a s imple  mat ter  t o  c o n s t r u c t  t h e  system of 

l i n e a r  equa t ions  which cor responds  t o  a given augmented ma t r ix .  

L e t  u s  now look a t  t h e  augmented matrices which r e 9 r e s e n t  t h e  

e q u i v a l c n t  systems of s imultaneous l i n e a r  e q u a t i o n s  which w e  d e r i v e d  

f r o m  o u r  o r i g i n a l  system l ( S e c t i o n  2 - 2 1  
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-1 2 -1 

I: 2.3 

-4  

2x 4- x2 + 2x3 = 3 

+ 3x2 4- 2x3 = -1 

-x + 2x2 - x = -4 

1 

1 

1 3 

x 

The augmented matrix of t h i s  system i s  

Likewise the augmented makrices of t h e  e q u i v a l e n t  systems 2 

through 10  are: 

t 3  

# 4  

#5 

#6 
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ti7 

k8 

C9 

# 10 

The system which corresponds t o  our f i n a l  ma t r ix  i s  

li, + oxz + ox3 = 2 = 2  1 X 

i = -1 ox2 + l x 2  + ox3 = -1 or x2 
x = o  3 OXl -+ ox2 4- l x 3  = 0 

("1) (2) 1 
which w e  t r i v i a l l y  solve t o  ob ta in :  [ x:, 1 = [ - 

Hence w e  see t h a t  t o  s o l v e  a syztem of simultaneous l i n e a r  

equa t ions ,  w e  merely c o n s t r u c t  i t s  augmented ma t r ix  and then  proceed 

t o  p u t  t h i s  mat r ix  i n  i t s  TOW reduced eche lon  form. W e  t hen  c o n s t r u c t  

t h e  system which corresponds t o  our f i n a l  ma t r ix  and "so lve"  t h i s  system. 

S ince  t h e  system which w e  c o n s t r u c t  from our f i n a l  m a t r i x  w i l l  be  
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3 0  

I:  2 

-3  

e q u i v a l e n t  t o  niir o r i g i n a l  system, w e  w i l l  have "solved o u r  o r i g i n a l  

0 1/5 

0 1 2 / 5 '  

system as  w e l l .  

Examples : 

(1) Solve: 

1 2  

- 7  

x = -4 

x1 - x2 + x3 '- 

3 3x1 + 2x2 - 
2x1 + x2 + 2 x 3  = 11 

1 -4/5 

0 1  

O 

1 
-l 2 -1 

W e  c o n s t r u c t  t h e  augmented ma t r ix  

1. 2 

and proceed t o  put  it i n  i t s  r o w  reduced eche lon  form, 

-5 

5 

-1 1 

2 -1 

1 2  

-1 1 

5 -4 

3 0  

-1 1 

1 -4/5 

.-9 11 
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W e  now c o n s t r u c t  t h e  system rep resen ted  by our  f i n a l  m a t r i x ,  

a s s u r e d  t h a t  it will be e q u i v a l e n t  t o  our o r i g i n a l  system. 

=. 1 1 x 

W e  solve t h i s  system t r i v i a l l y  t o  o b t a i n  xl = 1, x2 = -1, x3 = 5 or 

(2 )  Solve: x1 + 2 x z  +- 3x3 + x4 = 3 

3.u + 2 x 2 +  x + x = 7 

2x2 -F 4 x  f x = I ’ 
1 3 4 

3 4 

1 2 3 4 x + x + x + x = 4  

Cons t ruc t ing  t h e  augmented ma t r ix  f o r  t h i s  system and then  

p u t t i n g  it in i t s  row reduced echelon form, w e  have: 

1 
1 
1 

- 1  
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0 -1 1 
1 2  
0 0 

0 0 -2 

I: 2 . 3  

5\ 
0 - 1  

1 3 1  

-6 

4 1 1  
-8 -2 -2 

2 
1 
2 

-4  

The system which corresponds t o  our f i n a l  matrix is 

1Xl 4- ox2 - lx3 -1- ox4 = 2 

+ Ix2 + 2x3 + ox4 = -1 

OXl + ox2 + oxj + 1x4 = 3 

+ ox2 + ox3 + oxq = 0 

ox 
1 

ox 1 

= 2  1 - x3 x 

x2 f 2x3 = -1 

x4 = 3 

If we l e t  x3 t a k e  on any v a l u e ,  say x -t, w e  have 

Thet  i s  f o r  any value of t, 

x1=2+t, 3- 

x2=-1+2t, x3=t,  and x4=3. 
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i s  a s o l u t i o n  t o  our  system. For example, 

€or  t=o, w e  o b t a i n  t h e  s o l u t i o n  

f o r  t=l, w e  ob th in  t!ie s o l u t i o n  

for  t=-7/8, w e  o b t a i n  t h e  s o l u t i o n  

( 3 )  Solve: 

+ 4x2 + 2x - 21: + 4x = 10 2x1 3 4 5 
3x1 + 5x + 7x3 + 4x4 - x =  3 5 2 

Conf t ruc t ing  t h e  augmented ma t r ix  f o r  t h i s  example and p u t t i n g  

i n t o  i t s  r o w  reduced echelon form w e  have: 

5 7 4 - 1  

c - 1 4 7 - 7  

G l - 4 - 7 7  

\s' 
1 -4 -7 

0 9 1 3  -12 1-l.:) 

The system which cor responds  t o  ou r  f i n a l  ma t r ix  i s :  

+ 9x3 + i 3x4  - 12x5 = -19 1 x 

x - 4x - ?x4 f 7x5 = 1 2  2 3 



and 

I f  w e  l e t  x3, x 4 ,  and 

x5=v, w e  ob ta in  a s o l u  

x5 

t i o n  

is a s o l u t i o n  t o  o u r  system for any v a l u e s  t r  u t  2nd v. 

In  t h e  p rev ious  t h r e e  examples, w e  have seen  t h a t  a system 

of s imui taneaus  l i n e a r  e q u a t i o n s  may have one s o l u t i o n  or many s o l u t i o n s .  

Now cons ide r  t h e  fo l lowing  system. 

( 4 )  Solve: 
x1 - 2x i- x3 = 1 

2x1 - 5x2 - 
2 

5 x =  3 

-xl + x2 - 4x3 = 3 

W e  c o n s t r u c t  t h e  augmented 'matr ix  and proceed t o  p u t  it i n  i t s  

r o w  reduced echelon form: 

-2 

1 
-1 

0 c ;  
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Our f i n a l  m a t r i x  corresponds t o  t h e  system: 

1 X l  + ox2 + 7x3 = 0 

OXl + lxz 3. 3x3 = 0 

+ ox2 + ox3 = 1 ox 1. 

I: 2.3 

0 ll) 

A look a t  t h e  l a s t  equat ion  o f  t h i s  system tel,s u s  t h a t  t h i s  

system (and hence ou r  o r i g i n a l  system) h a s  no s o l u t i o n .  That  i s ,  

t h e r e  are no  rea l  numbers x x2 ,  and x3 such t h a t  I' 

ox, + ox2 + ox3 = 1 
I 

L e t  u s  t ake  a closer look at: t h e  matrices involved i n  t h i s  

system. Far o u r  m a t r i x  of c o e f f i c i e n t s  and i t s  r o w  reduced echelon 

f o r m ,  we have 

1 

wh i l e  f o r  o u r  augmented matrix and i t s  r o w  reduced eche lon  form, we have 

- 3 0  9 f.. 0 7 

Hence,by examining t h e  r o w  reduced echelon forms of t h e  ma t r ix  

of coef f i c i c n  and t h e  augmented ma t r ix ,  w e  see t h a t :  

The rank  of t h e  ma t r ix  of c o e f f i c i e n t s  = 2 

f The rank  of t h e  augmented matrix = 3. 
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This  is t r u e  i n  general .  That is ,  it can b e  shown (Cul len ,  page 55) 

t h a t :  

* * * A system of s imul taneous  l i n e a r  equa t ions  h a s  a t  l eas t  one 

s o l u t i o n  i f  and only  i f  t h e  rank of t h e  ma t r ix  of  c o e f f i c i e n t s  is 

equal t o  the rank of the augmented mat r ix .  * * * 

2 .4  Matrix Represen ta t ion  

Consider t h e  system: 

3x1 4- 2x2 + x3 - x4 + 7x5 = 10 

- x2 - 4x3 + x 5 =  8 x1 
-2x1 i- x2 + 5x3 + x* - x = 1 5  

5 

W e  may express this system of s imultaneous l i n e a r  equations i n  

m a t r i x  n o t a t i o n  as 

A X = B  

where X i s  t h e  5 x 1 m a t r i x  of "unknowns" A is the mat r ix  

2 1 -1 
and B is t h e  3 x 1 mat r ix  

i 

of coeff ic ients  

of r igh t -hand  s i d e  c o n s t a n t s  

That  i s ,  w i t h  t h e  above d e s c r i p t i o n  o f  A ,  X ,  and B, t h e  ma t r ix  
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equa t ion  AX=B becomes: 

I: 2 . 4  

Looking a t  t h e  l e f t  s i d e  of t h e  above equa t ion ,  n o t e  t h a t  w e  

have a 3 x 5 ma t r ix  t i m e s  a 5 x 1 mat r ix  (wi th  t h e  3 x 5 ma t r ix  as  

t h e  l e f t  f a c t o r  and t h e  5 x 1 m a t r i x  as t h e  r i g h t  f a c t o r ) .  A 3 x 5 

ma t r ix  t i m e s  a 5 x I mat r ix  ( i n  t h a t  o r d e r )  y i e l d s  a 3 x 1 mat r ix  

which i s  indeed what w e  have on t h e  r i g h t  s i d e  of t h e  equa l  s i g n .  

Her,ce,the above m a t r i x  equat ion  makes sense .  

Mul t ip ly ing  t h e  3 x 5 ma t r ix  A t i m e s  t h e  5 x 1 matrix X t o  

c b t a i n  t h e  3 x 1 matr ix  AX,  w e  have: 

(3x1 + 2x2 + x - x + 

( X I  - x - 4x3 + x5) 

(-2x1 + x2 + 5x3 + x - x 5 )  

3 4 

2 

4 

P - x  = 

which i s  t o  b e  equal  t o  t h e  3 x 1 mat r ix  

R e c a l l  t h a t  f o r  t w o  matrices t o  be  e q u a l ,  t h e i r  corresponding 

e lements  mudt b e  equal .  Hence, w e  must have: 

+ 2x2 + x - x -I- 7x5 = 10 3x1 3 4 

XI - x2 - 4x3 + x = 8  5 

+ 5x3 + x4 - x = 15 -2x1 + x2 5 

which is our  o r i g i n a l  system. 
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Consider a g a i n  t h e  g e n e r a l  system of m s imul taneous  l i n e a r  

e q u a t i o n s  i n  n unknown: 

allxl 4. a12x2 +........ c alnxn = bl 

aZlxl C a22x2 +...... ..+ a2nxn = b2 

f am2x2 +........+ a x = bm a m l X l  m n n  

This  system w r i t t e n  i n  m a t r i x  n o t a t i o n  is: 

ct m l  

a12 

22 a 

m2 a a mn 

or AX = El, where A i s  t h e  m x n ,  m a t r i x  of c o e f f i c i e n t s .  X is  

the n x 1 m a t r i x  of unknown and B i s  t h e  m x 1 inatrix of r igh t -hand  side 

c o n s t a n t s .  

In t h e  te rminology t o  b.e in t roduced  i n  t h e  n e x t  c h a p t e r ,  w e  s h a l l  

c a l l  X = the s o l u t i o n  vector t o  t h e  above system. 

Now suppose t h a t  o u r  system of l i n e a r  e q u a t i o n  has  t h e  same 

number of equa t ion  as  unknowns. Tha t  i s ,  ou r  sys tem has  t h e  form: 

"llX1 + a12X2 +........+ lnXn a = bl 

- 
2nX2 - b2 aZLx1 + a22x2 +..,.....+ a 

n2"2 +. . anlXl + a .....+ a x = bn nn n 
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Express ing  t h i s  i n  ma t r ix  n o t a t i o n ,  w e  have: 

AX = B 

where A i s  t h e  n x n ma t r ix  of c o e f f i c i e n t s ;  X is  t h e  n x 1 s o l u t i o n  

ma t r ix  ( o r  v e c t o r ) ;  and B i s  t h e  n x 1 m a t r i x  (or  v e c t o r )  whose 

e lements  are t h e  r igh t -hand s i d e  c o n s t a n t s  of t h e  system. 

The s i g n i f i c a n t  p o i n t  h e r e  i s  t h a t  A i s  squa re  and hence w e  

may t a l k  about  A-l and A . I f  IA\ # 0 ,  by 1.5E3, A-’ e x i s t s .  

Since A X  = B 

w e  have A -1 (AX) = A-l B by 1.4C 

which implies ( A - ~ A )  x = A-’ B by 1 . 4 B  

from which w e  have 

which i n  t u r n  imp l i e s  t h a t  

( 1 ) X  = A*’ B 

X = A - l  B 

R e c a l l  t h a t  A be ing  n x n impl i e s  t h a t  A-L i s  n x n . Since  A-’ 

i s  n x n and E i s  n x 1, A-l €3 i s  n x 1. 

s i n c e  x i s  n x 1 . 
This  is what we expec ted  

A: Hence w e  see t h a t  i f  ou r  , j s t e m  of s imultaneous l i n e a r  equa t ion  i n  

n unknowns i s  such t h a t  A, t h e  ma t r ix  of c o e f f i c i e n t s ,  i s  squa re ,  

and i f  w e  f u r t h e r  have t h a t  13-1 # 0 (which w i l l  imply t h a t  A-‘ e x i s t s ) ,  

t hen  w e  can b e  s u r e  t h a t  o u r  syst.em w i l l  have a unique s o l u t i o n  

which w i l l  be  g iven  by 

X = A - I  B 

where 3 is  a s  a e f i n e d  b e f o r e .  
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Example : 

I: 2.4 

Consider  t h e  system of t h r e e  e q u a t i o n s  i n  t h r e e  unknowns: 

+ x =  4 2x1 3 
-xl + 3x2 + 4x3 = 6 

= -10 5x2 

Wri t ing t h i s  System i n  m a t r i x  n o t a t i o n ,  w e  have AX = B. 

A, t h e  m a t r i x  of c o e f f i c i e n t s  €or t h i s  system is  

whi l e  B = 6;) 
I n  s e c t i o n  1 .5 ,  w e  found t h a t  1.11 # 0 .  

s o l u t i o n  %o t h i s  system given by X = A-l B. 

Hence w e  have a unique 

Again i n  1 .5 ,  w e  found t h a t  

-1 - A 

Hence, X = 

1/9 2/9 -2/15 

- - c51 - 6/9 

+12/9 +20/15 

- - 

That  is, x1 = 4/9; x2 = -2; x3 = 28/9 
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Our p rev ious  method f o r  s o l v i n g  t h i s  system would be t o  c o n s t r u c t  t h e  

augmented m a t r i x  and then  p u t  it i n  i t s  r o w  reduced eche lon  form. W e  

would have : 
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Hence a system e q u i v a l e n t  t o  our  o r i g i n a l  one is: 

= 4/9 x1 
= -2 

x2 

x3 = 28/9 

which w e  t r i v i a l l y  solve to o b t a i n  t h e  s o l u t i o n  m a t r i x  (or  v e c t o r )  

I: 2.4 
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CHAPTER 3 :  VECTOR SPACES 

3 .1  D e f i n i t i o n s  

Although t h e  mathematical  concept  of a v e c t o r  space  i s  very  a b s t r a c t ,  

w e  s h a l l  have need of  only a rather narrow i n t e r p r e t a t i o n  of  t h i s  

concept .  

Indeed, r i g o r o u s l y  speaking,  ou r  d e f i n i t i o n  of "vec tor  space" w i l l  

be merely an example of t h i s  a b s t r a c t  concept .  

For  t h e  purkoses  of t h i s  manual, t h e  fo l lowing  d e f i n i t i a n  w i l l  

s u f f i c e .  

3y an n-dimensional v e c t o r  space w e  s h a l l  mean t h e  set  of a l l  n x 1 

matrices v =  where, a s  before,  v1 , v2,. . . . . ,v are any real  n 

numbers. We s h a l l  r e f e r  t o  such a column ma t r ix  as a n  n-dimensional 

v e c t o r  and s h a l l  c a l l  vi t h e  i - t h  component of V .  

W e  d e f i n e  m u l t i p l i c a t i o n  of 2 v e c t o r ,  V ,  by a rea l  number, c ,  t o  

y i e l d  a v e c t o r  CV as  fol lows:  

cv = c  

The d e f i n i t i o n  of X + Y f o r  v e c t o r s  X and Y fo l lows  from t h e  d e f i n i -  
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t i o n  of ma t r ix  a d d i t i o n .  

then t h e  v e c t o r  

T h a t  i s ,  i f  X = 

W e  d e f i n e  X Y ,  t h e  "dot product"  o 

X ar,d Y a s  fo l lows  

two n-dimensional vec tor  :. 

x Y = XIYl 4- x2y2 + x3y3 +...,. ...+ x y n n  

That i s ,  t h e  d o t  product  of two v e c t o r s  i s  a r e a l  numher. Note t h a t  t h i s  

i s  n o t  t h e  same a s  ma t r ix  m u l t i p l i s a t i o r , .  

Indeed t h e  mat r ix  product ,  X x Y ,  of the t w o  v e c t o r s  ( i . e . , l  x n 

matrices) i s  n o t  even de f ined  s i n c e  t h e  number of columns i n  X is e q u a l  

t o  n whi le  t h e  number of rows i n  Y i s  equal  t o  one. 

Examp,les : 

c = 3 then 

'k W e  s h a l l  s ay  t h a t  t h e  k-n-dimensional v e c t o r s  V1, V2, V3, ...., 
are l i n e a r l y  dependent if t h e r e  e x i s t s  k r e a l  numbers cl, c2, c3, ....., ck 

such that: 

+ c3v3 +...*....+ c v = 0 5% + c2v2 k k  
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where by t h e  '*O" on t h e  r ight-hand s i d e  w e  mean t h e  v e c t o r  whose n com- 

ponents  a r e  all zero.  

The expres s ion  on t h e  ] .e f t  s i d e  of t h e  equa l  s i g n  i s  c a l l e d  a 

'k * 
l i n e a r  combination 3f t h e  v e c t o r s  V1, V2, ...*... 

N o t e  t h a t  t h e  above vec to r  equat ion  makes sense  s i n c e  on t h e  r i g h t ,  

0 i s  an n- dimensional  vec to r ;  and on the l e f t ,  t h e  V .  being n-dimensional 
1 

v e c t o r s  imp l i e s  t h a t  each ciVi i s  an n-dimensional vec to r  which i n  t u r n  

i m p l i e s  t h a t  t h e i r  sum is an n-dimensional vec to r .  Hence w e  have an n- 

dimensional  v e c t o r  r ep resen ted  on each side of t h e  e q u a l  s i g n .  

W e  say  t h a t  t h e  K v e c t o r s  V1, V z l . . . . . . ,  V are l i n e a r l y  --- independent k 

i f  t hey  are n o t  l i n e a r l y  dependent.  T h i s  imp l i e s  t h e  following; e q u i v a l e n t  

d e f i n i t i o n .  

The k vectors V1, V 2 , .  . . . . . , V a r e  l i n e a r l y  independent  i f  an equa-  k 
t i o n  of the f o r m  

clVl + c2v2 i.. . . . . . :i- c V = 0 (0 :  an n=dimensional vec to r )  k k  

........ = c  = o  (0 :  a real  number) = 
k imp l i e s  t h a t  c1 = c 

Examples : 

are l i n e a r l y  dependent s i n c e  t h e r e  e x i s t s  r e a l  numbers, 6 ,  - 4 ,  and 1 
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The r eade r  may wonder how t h e  numbers 6 ,  - 4 ,  and I w e r e  determined.  

Keep i n  mind t h a t  we w e r e  looking f o r  r e a l  numbers c 1, c2,  c3 such t h a t  

where t h e  0 on t h e  r igh t -hand s i d e  r e p r e s e n t s  t h e  two-dimemional z e r o  

v e c t c r  (E) 
Mul t ip ly ing  by the i n d i c a t e d  r e a l  nurrJsera and adding t h e  r e s u l t i n g  

v e c t o r s ,  w e  have: 
/ 

The d e f i n i t i o n  of e q u a l i t y  of v e c t o r s  fGllGW.5 fram t h e  d e f i n i t i o n  

of e q u a l i t y  of ma t r i ces .  That  i s ,  corresponding e l emen t s  m u s t  be equal. 

We must t h e r e f o r e  have: 

el + 4c2 + 1oc3 = 0 

-c1 + 2c2 + 14c3 0 

W e  proceed *Lo s o l v e  t h i s  system o f  simult?-!iaous l i n e a r  equa t ioxs  by 
- our usua l  method o f  c o n s t r u c t i n g  i t s  augmerited .matrix and p u t t i n g  it i n  

i t s  row reduced echelon form. W e  have: 2 
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Hence, a system eqGivalen t  t o  o u r  or ig ina l .  system can  be read from 

o u r  f i n a l  mat r ix :  

- cc3 = 0 

c2 + 4c3 = 0 

c1 

WE? can therefore l e t  c t.akc on any v a l u e ,  say c = t, ani: s c lve  fo r  3 3 

cL and c2 i n  t e r m s  of t. T h a t  i s  c = 6 t ,  c2 = -4t, c3 = t w i l l  g i v e  us  l 

a s c l u t i m  t o  c u r  systen. f o r  ar,y v a l u e  G f  t., T h u s ,  l e t t i n g  t = 1 w e  have 

c = 6 ,  c2 = - 4 ,  and c 2  = 1. 1 - 

(2) in) , (i) , and (a) 
\ 

3re l i n e a r l y  independent ;  f o r  suppose we had rea l  numbers c L I  c2' and 
i 

c such  t h a t  3 

. I  

Exanple : 

T h i s  implies t h a t  

+ s c  = o  c1 3 
- c 2 +  c 3 = o  

c + 2c2 = o  1 
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0 

Snlv ing  t h i s  system by o u r  u sua l  procedure 

augmented ma t r ix ,  w e  have: 

: -; 
0 -1 

0 2. 

9 0 

0 

0 
0 1 0  

of c o n s t r u c t i n g  i t s  

Hence,a system e q u i v a l e n t  t o  ou r  o r i g i n a l  one can b e  r e a d  from 

the f i n a l  mat r ix :  

= o  

= o  

3 = 0  

c1 

2 C 

C 

which can be t r i v i a l l y  so lved  t o  2 b t a i n  t h e  unique s o l u t i o n :  

c1 = c2 = c3 = 0 

Thus, w e  have shown t h a t  i f  
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c 1 ~~ + c2 f )  
1 

then  c 1 = c2 - - c3 = 0 .  Hence (1) 
I 

3 + C  (i> = 0 

and ~~~ 

I 

are l i n e a r l y  

independent  . 
N o t e  that  i f  w e  form a ma t r ix  us ing  t h e  above 3 v e c t o r s  as  o u r  t h r e e  

column, w e  o b t a i n  a mat r ix :  

This  w i l l  be t r u e  i n  gene ra l .  That i s ,  it can be  shown t h a t  (Cul len ,  

page 55) : 

The k k-dimensional V1, V2,....., V are l i n e a r l y  independent i f  t h e  k A '  

k x k ma t r ix ,  A ,  whose columns cre t h e s e  given k v e c t o r s ,  has  a de te rminant  

which i s  n o t  equal  t o  zero.  ( i . e .  lAl# 0) 

Conversely : 

I f  t h e  k k-dimensiona?. v e c t o r s  V1 , V2 , .. . . . . , V are l i n e a r l y  inde-  k R: 

pendent ,  t hen  t h e  k x k m a t r i x  desc r ibed  above h a s  a nonzero de te rminant .  

I t  fo l lows  from t h e  above t h a t  i f  t h e  k v e c t o r s  V1, V2, V 3 , . . . . . ,  'k 

a r e  l i n e a r l y  dependent,  then  / A \  = 0 where lAl i s  as  desc r ibed  above. 
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Likewise,  i f  t h e  k x k m a t r i x  A i s  such t h a t  1.1 = 0 ,  then  t h e  columns 

of A ( ccas ide red  as  v e c t o r s )  are l i n e a r l y  dependent .  

3 . 2  B a s i s  for a Vector Space 

By a basis f o r  an n-dimensional v e c t o r  space  w e  mean a set  of n 

l i n e a r l y  independent v e c t o r s  V 1, V2 ........ V 

s i o n a l  vectox,  V,  t h e r e  e x i s t s  real  numbers c 1, c2,. ...... c 

such t h a t  f o r  any n-dimen- n 

such  t h a t  rr 

v = c v 4- c2v2 +........+ c v 1 1  n n  

That  i s ,  any vec to r  i n  t h e  v e c t o r  space can be expressed  as a l i n e a r  

combination of the b a s i s  v e c t o r s .  

Consider  t h e  fo l lowing  r? vectors i n  our n-dimensional v e c t o r  space: 

These n v e c t o r s  are obviously l i n e a r l y  independent ,  s i n c e  i f  t h e r e  

are c1 c2 .......... c such t h a t  n 

clel f c2e2 +........+ c e n n  

then w e  would have 
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or 

+ oc2 + oc3 +........+ 

+ I C 2  + o c 3  +........+ oc 

1 C 

2 C 

3 C 

= o  
= o  

= o  

c = o  n 

which impl i e s  t h a t  c = c = *...... = c  = o .  1 n 

e are l i n e a r l y  independent .  3" - - - . - I  n Hence, t h e  v e c t o r s  e 1r e2' e 

Note t h a t  by a p rev ious  theorem (3.lA), we could  have shown t h a t  

el, e2 ,  ........' e 

of A ,  where t h e  col**mns of A are t h e  n v e c t o r s  el,  e 2 , . . . . . . . . ,  e 

1 l  e2 ,  ........, e l i n e a r  independence of  e 

f a c t  t h a t  1 # 0 .  

a re  l i n e a r l y  independent  by cons ide r ing  t h e  determinant  n 
t 

The 

would have rol lowed from t h e  

n 

n 

Now l e t  V = ~~ be an a r b i t r a r y  n-dimensional v e c t o r .  I t  i s  obvious 

t h a t  V can be expres sed  as the l i n e a r  combination: 

v e + v2e2 + v e + ......+ v e 1 1  3 3  n n  
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The f i v e  dimensional  v e c t o r  ti) can be  w r i t t e n  as: 

A: A very  u s e f u l  r e s u l t  (Cul len ,  page 52)  i s  t h a t  any n l i n e a r l y  inde- 

v can s e r v e  as a basis  f o r  n pendent n-dimensional v e c t o r s  V '' 

an n-dimensional v e c t o r  space .  

Example : 

l P  2 ' " " " "  

Consider  t h e  t h r e e  v e c t o r s  

I-l _:I + 1(-1)1+2 
1 1 0  

I "  - by 3.1A, s i n c e  
0 3 -2 

= ( -4  - 3 )  - ( 2  - 0)  

= - 9  # O  

t h e s e  t h r e e  vectors are  l i n e a r l y  indepeiident.  

Hence, by 3.2A, (i) , (,i) , and (.) 
-2 

form a b a s i s  f o r  a t h r e e  dimensional  v e c t o r  space. 
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. From t h e  d e f i n i t i o n  of b a s i s  €or a v e c t o r  

[!) a s  a l i n e a r  combination space ,  w e  should be a b l e  t o  e x p r e s s  t h e  vec to r  

Consider  t h e  v e c t o r  

of t h e  b a s i s  v e c t o r s  -1 c).("i 3 /  and(:) -2 

That  i s ,  t h e r e  e x i s t  r e a l  numbers cl, c2, c3 such t h a t  

1 c + c2 (;) + c3 

1 f 2c + c3) 

(cl + c21 

2 

(-i ) 
By t h e  d e f i n i t i o n ,  of e q u a l i t y  of v e c t o r s ,  w e  have t h e  fo l lowing  system 

of s imultaneous l i n e a r  equa t ions :  

= 2  2 c i  f c 

+ 2 c 2 +  c = 3 -c.F 3 
3c2 - 2 c ,  = -1 

I 

I 

W e  proceed t o  s o l v e  t h i s  system by our  usua l  method o f  c o n s t r u c t i n g  

the augmented ma t r ix  and then p u t t i n g  it i n  i t s  r o w  reduced echelon form: 
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W e  r e a d  t h e  system which i s  e q u i v a l e n t  t o  ou r  o r i g i n a l  one from t h e  

l a s t  mat r ix  above t o  ob ta in :  

= 1  

= 1  

c - 2  

5 
2 C 

3 

f o r  which w e  t r i v i a l l y  s o l v e  t o  c b t a i n :  

c 1 = 1; c2 = 1; c 3 = 2 

Hence (!) may be  wr i t ten '  as .,he f3 l lowing  l i n e a r  combination o f  

t h e  basis vectors [i); c); (i): , 

Suppose now t h a t  w e  w a n t e d  t o  expxess  each of t h e  fo l lowing  f o u r  



-60: 
I: 3.2 

v e c t o r s  : 

w =  (:); -1 .= (%j ;  y=($ Z = C )  

i n  t e r m s  of t h e  above b a s i s  vec to r s :  

There are, of  cour se ,  fou r  i n d i v i d u a l  problems h e r e .  Wc m u s t  

f i n d  rea l  numbers al, a and a3 such t h a t  
2 '  

cj) = al [t) + a2 i;> + a3 ('> -2 

and b3 such t h a t  and r e a l  numbers bl, b2, 
O/J 

(i) = c1 (;) + cz (i) + c3 (:) -2 

and real  numbers dl ,  d 2 ,  and d3 such t h a t  

(!) = dl  [i) + d2 (i) + d3 ~~~ -2 

Th i s  g i v e s  rise t o  the fo l lowing  f o u r  systems of s imultaneous l i n e a r  

equa t ions :  
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(3) 

(4 )  

a +  = 2  

-a + 2a2 + a = 3 

3a2 - 2a3 = -1 

1 a2 

1 3 

bl + b2 = 4  

-bl + 2b2 + b3 = 2 

3b2 - 2b3 = 0 

= o  c1 + c2 
-e1 + 2 5  + c3 = 1 

3c2 - 2c3 = 0- 

dl 4- d2 
= -3 

-dl + 2d2 + d3 = 5 

3d2 - 2d3 = 1 

which i n  t u r n  g i v e s  rise t o  the following four augmented matrices: 

( 3 )  

( 4 )  
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3 -2 

Finding  t h e  r o w  reduced echelon forms of t h e  above augmented 

1 

matrices, w e  have: 

: 
3 -2 :.3 0 

0 

1 

0 

0 

1 

0 

0 

1 

0 

0 

1. 

0 

0 

1 2  

0 

1 2  

0 

W e  would then c o n s t r u c t  t h e  foyr s y s t e m s  corresponding t o  t h e s e  

matrices. These systems would be e q u i v a l e n t  t o  t h e  o r i g i n a l  f o u r  systems.  

W e  have seen ,  however, t h a t  s o l v i n g  t h e  systems represented  by 

ou r  f o u r  augmented matrices i n  row reduced echelon form ainounts 

t o  merely r ead ing  t h e  e lements  i n  t h e  l a s t  column of these matrices. 

Hence, al ‘1, a2 =1, a = 2 ,  bl 8/3, b2 =4/3, b3 =2,  c1 =-2/9, 3 
C =2/9,  c3 =1/3, dl =-32/9, d2 =5/9, d3 =1/3. 2 

Leaving o u t  t h e  s t e p  of c o n s t r u c t i n g  and t r i v i a l l y  s o l v i n g  t h e  

systems r e p r e s e n t e d  by t h e  augmented matrices in r o w  reduced eche lon  

form,we can shor t en  ou r  work by symbol ica l iy  combining the above four 

problems. 
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I t  w i l l  o f t e n  occur  i n  o u r  work i n  P a r t  11: t h a t  w e  wish t o  expres s  

each of  a given set  of v e c t o r s  i n  t e r m s  of some se t  of a few basis v e c t o r s .  

L e t  u s  r e t u r n  t o  ou r  o r i g i n a l  problem. Express each of t h e  v e c t o r s  

ti) (i) ' c;) i n  t e r m s  of t h e  b a s i s  vec to r s :  

Examining what w e  have  done b e f o r e ,  w e  a r r i v e d  a t  f o u r  systems 

of s imultaneous l i n e a r  equa t ions  from which w e  cons t ruc t ed  fou r  3 x 4 

augmented matrices which w e  proceeded t o  p u t  i n  row reduced echelon 

form. 

L e t  u s  now s i m p l i f y  o u r  work by c o n s t r u c t i n g  one 3 x 7 ma t r ix  

as fol lows:  

where w e  have des igna ted  the v e c t o r s  r ep resen ted  by each of t h e  columns. 

W e  now p u t  t h i s  ma t r ix  i n  roM reduced echelon form. 

X 

X 

4 

2 

0 
I _  

1 2  

\ 

Y Z  

1/3 2 / 3  

0 1  
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0 -1/3 

1 / 3  

1 

0 1 

0 0 - 3  

1: 5 . 2  

1 /3  2 -1/3 -11/3 

5 / 3  2 1 / 3  % / 3  

- G  -6 -1 -1 

z\ 
W X / v l  v2 v3 

-1/3 

1 / 3  

1 

1/3  

5 / 3  

2 

v2 

0 

1 

0 

v2 

0 

1 

0 

X 

2 

2 

2 

Y 

-1/3 - 1 i / 3  

1 /3  2 / 3  

v3 

0 

0 

1 

W X Y 

1 8/3 -2/9 -32/9 

1 4 / 3  2 / 9  5/9 

2 2 1/3 1/3 

Compare t h i s  l a s t  ma t r ix  w i t h  t h e  row reduced eche lcn  forn-is of 

o u r  f o u r  3 x 4 augmented matrices.  We may t h e r e f o r e  determine t h e  

c o e f f i e i e n t s  a 1 l  a 2 '  a3 ,  bl: b 2 ,  b3' cl'  c2' c 3 ,  dl, d 2 ,  and d3  from 

o u r  f i n a l  3 x 7 m a t r i x .  

We have : 

w = 1 v,  + 1 v2 + 2 v3 

x = 8/3 v, -4- 4 / 3  v2 + 2 v3 

Y = -2/9 V1 + 2 /9  V2 i- 1/3 V 3  

2 = -32/9 V1 + 5/9  V 2  + 1 / 3  V 3  

I t  i s  impor t an t  t h a t  one understanc! t!ie above procedure s i n c e  

i t  i s  c r u c i a l  f o r  what i s  t o  fo l low ;;i P a r t  11. 

Note t h a t  i f  VI,  V 2 ,  V j ,  . . . , V,cons t i tu te  a b a s i s  f o r  an 
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n-dimensional vec to r  space ,  any one of the v e c t o r s ,  Vi ,  i n  t h i s  set  

1 2 3 7 

- 8  4 1 0 

1 9 2 6 

can be t r i v i a l l y  r e p r e s e n t e d  a s  a l i n e a r  combination of t h e  b a s i s  v e c t o r s  ' 

a s  fol lows:  

+ vi -i- 0 vi+l 4 - .  . . + o v n  i-1 + O V 2 + * .  . +  y =  0 v  1 

and hence,  by 3.113, t h e  f o u r  4-dimensional v e c t o r s  V 1 t  V 2 r  'J3, L'4 a r e  

l i n e a r l y  independent .  

f o u r  dimensional  vec to r  space .  

By 3 . 2 B I  V I I  V 2 ,  V 3 ,  V4 forin a b a s i s  €or  a 

We may t h e r e f o r e  e x p r e s s  any f o u r  dimensional  v e c t o r ,  V ,  a s  a 

l i n e a r  combination of t h e s e  folir  v e c t o r s .  I n  p a r t i c u l a r ,  we may 

t r i v i a l l y  e x p r e s s  each of the vec to r s  V1, V 2 '  V j I  V q I  

as a l i n e a r  combination of t h e  b a s i s  v e c t o r s .  

Example : 

v3 = 0 v1 + 0 v2 + 1 v3 + 0 v4 

i .e .  

i n  t h e  b a s i s  
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CHAPTER 4: CONVEX SETS 

4.1 Basic Notions 

Let X 1, X 2 ,  . . . , X be k n - d i a e n s i o n a l  v e c t o r s .  By d k 
convex combination of t nese  v e c t o r s ,  we s h a l l  mean a l i n e a r  coinbina tiori : 

al x1 + a2 X2 + . . . + ak Xk 

where each  a i s  a nonnegative r e a l  number ( i . e .  ai>- 0 )  , and such 

t h a t :  
i 

= a  + a  + . . . + a  = l .  2 i c  a. 
k 

i=l 1 2 k 1 

1/2>0 - such t h a t  1 /10  + 2 / 5  + 1 / 2  = 1. 

A s e t  of n-dimensional v e c t o r s  w i l l  be c a l l e d  convex i f ,  and o n l y  

i f , f o r  all p a i r s  of v e c t o r s ,  X1 2nd X 2 ,  i n  t h i s  s e t ,  any convex com- 

b i n a t i o n ,  a + a2 X 2 ,  i s  a l s o  i n  t h e  set .  1 x1 

I t  can be shown (Gass, p ~ :  2 8 )  t h a t  if X1, X2' . . . , Xk are 

any v e c t o r s  i n  a convex se t ,  then  eve ry  convex c o m b i n a t i m ,  al XI + 
a2 x2 -I- * . * -i- ak $ 1  of t h e s e  v e c t o r s  i s  a l s o  i n  t h i s  convex set. 
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An extreme v e c t o r  of a convex se t  of v e c t o r s  i s  a v e c t o r  which 

cannot  be expres sed  as a convex combination of any o t h a r  t w o  d i s t i n c t  

v e c t o r s  i n  t h i s  se t .  

The above d e f i n i t i o n s  appear  t o  be u n r e l a t e d  t o  o u r  o b j e c t i v e  

and indeed t o  t h e  material  which preceded. The concepts  of  convex 

sets and extreme v e c t o r s  w i l l  appear  aga in ,  however, as a b a s i c  n o t i o n  

i n  P a r t  II. 

An i n t e r e s t i n g  geometr ic  i n t e r p r e t a t i o n  can b e  g iven  t o  convex 

combinat ions,  convex sets,  extreme v e c t o r s -  e tc .  I t  is  necessa ry ,  

however, t o  think o f  a v e c t o r  a s  a p o i n t  i n  space .  The r e a d e r  may 

be a b l e  t o  adopt  t h i s  frame of r e f e r e n c e  t o  treat t h e  two d imens iona l  

v e c t o r  6) as  t h e  p o i n t  i n  the C a r t e s i a n  p l a n  whose c o o r d i n a t e s  are 

( 5 , 3 )  or  t o  t r e a t  t h e  t h r e e  dimensional  v e c t o r  /':) as t h e  p o i n t  

\ 5) 
whose c o o r d i n a t e s  i n  t h r e e  dimensional  space  a rc  ( 2  - 6 ,  5 )  

The u n i n i t i a t e d  w i l l  have t r o u b l e ,  however , when trying t o  "see" 

a seven dimensional  v e c t o r  a s  a p o i n t  i n  a seven dimensional  space ,  

Neve r the l e s s ,  a b i t  o f  i n s i g h t  may be  gained from t h e  d i s c u s s i o n  

of convex sets of 2-dimensional v e c t o r s .  The i n t e r e s t e d  r e a d e r  i s  re- 

ferred t o  Gass, pp 23 and 29.  
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PART I1 : F ~ N D L I W N ‘ I ’ A L S  OF L I N E A R  PROGKAFU\IING 

CHAPTER 1: S T A T E P E N T  O F  TilE PROBLEM 

Cons ider  a system of m l i n e a r  e q u a t i o n s  i n  n unknowns where t h e  number 

o f  unknowns o r  v a r i a b l e s  i s  g r e a t e r  than  t h e  number of equa t ions  (i.e-9 n’m). 

Thus, o u r  system is :  

+ a  X + . . . . +  a l n X n = b l  all xl 12 2 

= b  a21 X1 + a 22 x2 + . . . . + a2n Xn 2 

- 
mn ‘n - bm a X .  + am2 X 2 +  . . . . +  a m l  1 

where t h e  mat r ix  of c o e f f i c i e n t s  has more columns t han  rows. 

W e  have seen, i n  examples ( 2 )  and ( 3 )  of Sec t ion  2 . 3  , P a r t  I , t h a t  

such a system inay have a.1 i n f i n i t e  number o f  s o l u t i o n s .  T h i s  w i l l  indeed 

be t h e  case if t h e  sys tem h a s  any s o l u t i o n s  a t  a l l .  That  is: 

A system of m e q u a t i o n s  i n  n unknowns where WI~~~ no 

s o l u t i o n  or arl i n f i n i t e  number of them. See C u l l e n ,  pp 1 and 55. 

R e c a l l  from 1 - 2 . 4 A ,  t h a t  a system of s imultaneous l i n e a r  e q u a t i c n s  

h a s  a unique s o l u t i o n  i f , a n d  o n l y  i f ,  t h e  nunher of v a r i a b l e s  i s  e q u a l  t o  

t h e  number of e q u a t i o n s  and A # 0 where A i s  t h e  squa re  m a t r i x  of 
1 I I  
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cocf  f i c i e n t s .  

L e t  u s  now r e t u r n  t o  our  system of m e q u a t i o n s  i n  n unknowns where 

n>m. Suppose t h a t  there is 5 s o l u t i o n  t o  the system. Then, a s  w e  have 

s t a t e d ,  t h e r e  w i l l  be  an i n f i n i t e  nunber of s o l u t i o n s .  

L e t  u s  nov c o n s i d e r  t h o s e  s o l u t i o n s  X = 1 to o u r  system f o r  which 

- n- 

c:) 
X > O  - 0 . B y  this, of c o u r s e ,  w e  mean t h a t  x > 0 ,  x2>0,  . . . , x > O .  1- 
- 0 

W e  may now be c o n s i d e r i n g  fewer s o l u t i o n s  than  w e  w e r e  o r i g i n a l l y ,  

b u t  t h e  number of such s o l u t i o n s  may s t i l l  b e  i n f i n i t e .  

Cans i d e  r t h e  expres  s i o n  : 

G1 x l +  c2 x2 t- . . . f cn x . n 

where t h e  ci a re  f i x e d .  W e  s h a l l  c a l l  t h i s  e x p r e s s i o n  o u r  o b j e c t i v e  - 

f u n c t i o n .  

We w i l l  o b t a i n  a va lue  f o r  t h i s  o b j e c t i v e  f u n c t i o n  everyt ime w e  sub- 

s t i t u t e  v a l u e s  f o r  xl, x2 ,  . . . , xn. 

A - l i n e a r  programming problem -- (or  LP problem) h a s  t h e  fo l lowing  f o r m :  

o b j e c t i v e  f u n c t i o n :  

c1 x1 + a2 x 2  + . . . + cn X n 

s u b j e c t  t o  t h e  fo l lowing  t w o  c o n d i t i o n s :  

on v e c t o r  o f  t h e  systcm: 
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l n  xn = bl all x1 + a12 x2 + . . . f a 

a21 x1 + a22 x2 + . - - + a2n xI1 b2 

+ . . . + a  x = b m  “ m l  x1 + am2 x2 inn n 

( 2 )  x >o ,  x 2 r o ,  . . . , x r o .  1- n- 

The vec to r  X which sat isf ies  c o n d i t i o n s  (1) and (2)  and f o r  which t h e  

o b j e c t i v e  func t ion  i s  maximized (minimized) i s  c a l l e d  t h e  (an} opt imal  

s o l u t i o n  t o  the LP problem. 

Examples: 

(1) Maximize 3x + 2x2 - 7x3 + x 1 s u b j e c t  t o  t h e  r e s t r a i n t s :  4 

+ x + 3x4 = 1 0  (1) 4x1 - X 2  3 

x1 + 5x2 + x - 3  
4 

3x1 + x 2  + zX3 - x4 = 1. 

( 2 )  x . > o  ; i = 1, 2 ,  3 ,  4 
1- 

O u r  o b j e c t i v e  func t ion  he re  i s  , 

3x1 + 2xz - 7x3 + x4 

which w e  wish t o  maximize i n  t h i s  case. 

( 2 )  Minimize 1 . 3 ~ ~  + 2 . 7 ~ ~  - .4x3 s u b j e c t  t o  t h e  r e s t r a i n t s :  

(1) x + x + x3 < 2 0  

- x2 + 4x3 -< 50 x1 

1 2 

x l - x  - x3 5 1 0  2 

O u r  o b j e c t i v e  h e r e  i s  

1 . 3 ~ ~  + 2 . 7 ~ ~  - . 4 X 3  
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which i s  t o  minimized i n  t h i s  case. 

However, a t  f i r s t  g l a n c e ,  c o n d i t i o n  (1) does n o t  resemble a system of 

s imultaneous l i n e a r  e q u a t i o n s .  L e t  us  c o n s i d e r  t h i s  f u r t h e r .  By t h e  

i n e q u a - i t y  a 5 4, w e  mean t h a t  there exists some nonnegat ive r e a l  number 

( say  b) such t h a t  a is "5  less t han  4 . "  Tha': i s ,  4 - b = a o r  a + b = 4. 

+ x2 + x3 s 2 0 ,  w e  o b t a i n  t h e  implied 1 Thus, from t h e  i n e q u a l i t y  x 

equat ion  : 

f X  = 2 0  4 x1 + x + x3  2 
where x i s  t h e  nonnegat ive real  number such t h a t  x = 20 - (x, + x + x 3 ) .  4 4 2 

Obta in ing  s imi l a r  e q u a t i o n s  f o r  t h e  second t w o  i n e q u a l i t i e s ,  w e  have 

t h e  fo l lowing  LP prcblem: 

Minimize 1 . 3 ~  + 2 . 7 ~ ~  - .4x3 + Ox4 + Ox5 + Ox s u b j e c t  t o  t h e  r e s t r a i n t s  G 

= 2c 

= 50 

+ X  = 1 0  

4 (1) x + x 2 +  x + x  

2Xl - x2 + 4x3 

x1 - x2 - x3 

1 3 

5 + x  

G 

W e  c a l l  x4, x 

I t  may o c c u r  t h a t  a s l a c k  vari2bl.e assumes a nonzero v a l u s  i n  t h e  

and x6 s l a c k  v a r i a b l e s .  5 '  

optimal s o l u t i o n .  The s i g n i f i c a n c e  of such an  outcome w i l l  be d i s c u s s e d  

l a t e r .  

W e  have seen  t h a t  no problem arises if w e  have a system of i n e q u a l i t i e s  

s i n c e  this system can  bc changed t o  a system o f  e q u a t i o n s  by i n t r o d u c i n g  

s l a c k  var iab les .  

I n  the above example, however, w e  d e a l t  w i t h  changing an  i n e q u a l i t y  uf 

t h e  form: a < 4 t o  a equa t ion  a + b = 4 where b > 0 .  I f  w e  are faced  - - 
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w i t h  an i n e q u a l i t y  of t h e  form a - > 4, w e  merely w r i t e  -a 5 -4  and 

o b t a i n  t h e  e q u a t i o n  -a + G = - 4 .  In  t h i s  case a g a i n ,  b ?  0 .  

Cons ider  agaii:! tht?  g e n e r a l  LP problem: 

Maximize (minimize) tile o b j e c t i v e  f u n c t i o n  

c1 Xl + c2 x2 + c3 x3 -t . * * + cn x n 

s u b j e c t  t o  the r e s t r a i n t s :  

(1) all x1 + a12 x2 + . . . . + a l n  xn - - bl 

+. a22 x2 +- . . . . + .32n xn = b2 21 x1 a 

a x + a  x 2 +  . . . . +  a m x  = b m  ml L m2 n 

( 2 1  x . > c  ; i I= 1, 2 ,  3 ,  . . . , n 
1.- 

Vector X i c h  s a t i s f i e s  c o n d i t i o n s  (1) and ( 2 )  is called a 

feasible s o l u t i o n  t o  t h e  LP problem. 

W i t h  r e f e r e n c e  t o  t h e  n o t a t i o n  in t roduced  i n  S e c t i o n  2 . 4 ,  P a r t  I ,  

w e  m&y s t a t e  the above g e n e r a l  LP problem a s  follows. 

Maximize (minimize) t h e  o b j e c t i v e  f u n c t i o n  

( C1'C2 , . . . . I 
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s u b j e c t  t o  t h e  r e s t r a i n t s :  

1 2  - a 

a22 

"m2 

. . .  

. . *  

. . .  mn :3 a 

(2 )  xi 0 ;  i = 1 , 2 ,  . . . ,  n 

I n  a more abbrev ia t ed  form we can w r i t e :  

Maximize (minimize) the o b j e c t i v e  func?i.cn 

ex 
s u b j e c t  t o  t h e  r e s t r a i n t s :  

(1) AX = B 

( 2 )  x =. c 0 

where C is  me 1 x n mat r ix  (elk c2,  . . . , cn);  X i s  the  n x 1 
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11: 2 . 1  
CIIAPTER 2 :  MATIIEI*Wi'ICAL MODELS FOR LP  PROHLCMS 

L e t  u s  now t u r n  ou r  a t t e n t i o n  t o  examples o f  p h y s i c a l  phenomena 

which g i v e  r i s e  t o  LP problems. Of t h s  fo l lowing  f i v e  examples, t h e  

2 . 1  The 2 roduc t  Manufacturing Problem 

A manufactur ing f i r m  h a s  d i s c o n t i n u e d  product ion of a c e r t a i n  un- 

p r o f i t a b l e  product  l i n e .  This c r e a t e d  considerable excess product ion  

c a p a c i t y .  Management i s  c o n s i d e r i n g  devot ing  t h i s  excess c a p a c i t y  

t o  one or more of t h r e e  p roduc t s ;  c a l l  thev,! p roduc t s  1, 2 ,  and 3 .  The 

a v a i l a b l e  c a p a c i t y  on t h e  machines whick might l i m i t  o u t p u t  i s  summari?ed 

i n  t h e  f o l l o w i n g  table .  

Avai lab le  t i m e  
Machine Type ( i n  machine hours  per week) 

M i l l i n g  Machine 200  

L a t h e  1 0  0 

G r i n d e r  50 
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Machine Type 

M i l l i r  g Machine 

Lathe  

Grinder  

11: 2.1 

Product  1 1 Product  2 Product  3 

3 

- 
8 

4 

2 

-. 

The number of machine hours  r equ i r ed  f o r  each u n i t  of t h e  r e s p e c t i v e  

p roduc t s  i s  g iven  below. 

The s a l e s  department  i n d i c a t e s  t A a t  the s a l e s  p o t e n t i a l  f o r  

products  1 and 2 exceeds t h e  maximum product ion  rate and t h a t  the sales 

p o t e n t i a l  f o r  pro6uct 3 is  20 uxits p e r  week. 

The u n i t  p r o f i t  would be $ 2 0 ,  $ 6 ,  and $8 ,  r e s p e c t i v e l y ,  on products  

1, 2 ,  and 3 .  

The problem i d  t o  formula te  a l i n e a r  programming model f o r  d e t e r -  

mining how much of each product  t h e  f i r m  should  produce i n  o r d e r  t o  

maximize p r o f i t .  L e t  u s  now proceed t o  c o n s t r u c t  t h i s  model. 

L e t  xi (i = 1, 2 ,  3 )  be t h e  number of u n i t s  of  product  i produced 

p e r  week. S ince  p r o f i t  h a s  been chosen as t h e  measure of e f f e c t i v e n e s s ,  

the o b j e c t  is t o  maximize 

20x1 -i- 6x2 + 8x3,  

s u b j e c t  t o  t h e  r e s t r i c t i o n s  developed below. 

The " l i m i t e d  r e sources"  i n  t h i s  s i t u t l t i o n  are t h e  a v a i l a b l e  

c a p a c i t y  of the t h r e e  machine groups and t h e  sales p o t e n t i a l  f o r  product  3 .  
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11: 2 . 1  
The re fo re ,  a mathematical  c o n s t r a i n t  must be developed t o  d e s c r i b e  

each of these re source  r e s t r i c t i o n s .  The f i r s t  r . e s t r i c t i o n  i s  t h a t  no 

more than 200 m i l l i n g  machine hours  p e r  week can be a l l o c a t e d  t o  t h e  

a c t i v i t i e s ,  the product ion  of t h e  t h r e e  products .  The number of 

m i l l i n g  machine hours  a c t u a l l y  a l l o c a t e d  i s  8x1 + 2x2 - -  3x3. 

f o r e ,  t h e  mathematical  s t a t e m e n t  of t h e  f i r s t  r e s t r i c t i o n  i s  

There- 

8x1 + 2x2 + 3x3< 200. - 
S i m i l a r l y ,  the o t h e r  t w o  c a p a c i t y  r e s t r i c t i o n s  are 

4x1 + 3x2 < - 100 

2x1 + x 3  < 50 - 

T!ie mathematical  s t a t emen t  o f  t h e  sales p o t e n t i a l  r e s t r i c t i o n  abvious ly  i s  

x3 5 - 2 0  

F i n a l l y ,  t h e r e  are t h e  n o n m g o t i v i t y  r c s t r i c t i o n s .  

Therefore ,  i n  summary, t h e  l i n e a r  programming model f o r  t h i s  

problem is the fol lowing:  

Maximize 20xL + 6x2 + 8x3 

s u b j e c t  t o  the r e s t r a i n t s :  

< 100 4x1 + 3x2 - 

-+- x 3  < 50 
x1 - 
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XI: 2.2 

W e  s h a l l  see i n  P a r t  111 t h a t  t o  o b t a i n  a s o l u t i o n  to  this 

problem through t h e  use  of an e l e c t r o n i c  computer, w e  may l e a v e  t h e  

model i n  t h e  above f o r m .  However, i f  w e  wish t o  c a l c u l a t e  the solution 

by t h e  s imple method t o  be d i scussed  i n  Chapter  4 of P a r t  11, w e  m u s t  

i n t roduce  t h e  s l a c k  variables d i scussed  i n  Chapter  1, P a r t  11. 

We ob ta in :  

7 Maximize 20x,, -t 6x2 + 8 ~ 3  + OX4 0x5 + 0x6 .+ 

s u b j e c t  t o  t h e  r e s t r a i n t s :  

8x1 + 2x2 + 3x3  i- x4 

4x1 +- 3x2 + xrj = 100 

2x1 . 

= 200 

= 50 +x6 + x 3 

-5: 20  %3 +x7 

Notre t h a t  takes on a p o s i t i v e  va lue  ( r a t h e r  than  0) i n  t h e  x4  

op t ima l  s o l u t i o n ,  t h e  i m p l i c a t i o n  i n  t h a t  x4 hours p e r  week o u t  of t h e  

200 hours  a v a i l a b l e  on the m i l l i n g  machine should n o t  b e  used. 

2 . 2  The D i e t  Problem 

One of the classic problems of l i n e a r  programming is  t h e  d i e t  

problen.  The o b j e c t i v e  is  t o  a s c e r t a i n  t h e  q u a n t i t i e s  of c e r t a i n  

foods t h a t  should  be e a t e n  t o  m e e t  c e r t a i n  n u t r i t i o n a l  requi rements  at 

a minimum cost.  Assume t h a t  c o n s i d e r a t i o n  i s  l i m i t e d  t o  mi lk ,  beef ,  

and eggs ,  and t o  v i t amins  A, C ,  and D .  Suppose t h a t  the number of 

mil l ig rams  of each of t h e s e  vitami:is conta ined  w i t h i n  a u n i t  of each 

food is as g iven  below. 
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cos t  $ 1 . 0 0  $ 1 . 1 0  

11: 2.2 

$0.50 

W e  proceed to  c o n s t r u c t  t h e  mathematical. model f o r  this LP problem. 

X1 = the number of gallons of m i l k  i n  the d a i l y  d i e t  

x2 = the number of pounds of beef i n  t h e  d a i l y  d i e t  

= the nurbcr  of dozens of eggs i n  t h e  d a i l y  d i e t  

L e t  

“3 
The objective is  t o  minimize cost, and the rcsourcc r e s t r i c t i o n s  

are i n  the f o r m  of lower  bounds ra thcz than  upper  bounds. Therefore. 

t h e  LP model €or this problem is  t k i e  fo l lowing:  

Minimize I. Ox + 1. lx2  t G .5x3 1 

subject t o  the r e s t r i c t i o n s :  

x + lox3 > 1 2 x +  1 (1) 

100xl  f l o x 2  f l e x 3  >SO - 
loxl + 1oox2 f l o x 3  > l o  - 
x > o ;  i -  

In t roduc ing  s l a c k  v a r i a b l e s  t o  p u t  t h i s  model i n  +,he form 

p r e v i o u s l y  d i s c u s s e d ,  w e  have: 

M i h i m i z e  

s u b j e c t  t o  t h e  r e s t r i c t i o n s :  
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- 
Maximum q u a n t i t y  

a v a i l a b l e  i n  
b a r r e l s  p e r  day 

3,000 

2 , 0 0 0  

4,000 

1 , 0 0 0  

11: 2.3 

+ 

C o s t  pe r  
b a r r e l  

$ 3  

$6 

$ 4  

$5 

= -1 
-xl - 2 - x3 + x4 (1) 

-1OOX1 - lox2  - l ox3  i- x5 = -50 

+ x = -10 -lox1 -100x2 - l ox3  6 

(2)  x1 2 0 ,  x2 2 0 ,  x3 2 0 1  X 4 ) O ,  x5)0, X6)0 

W e  repeat, however, t h a t  it i s  n o t  necessary  t o  p u t  t h e  model i n  

this f i n a l  form when u t i l i z i n g  an e l e c t r o n i c  computer. T h i s  w i l l  b e  

d i s c u s s e d  i n  P a r t  111. 

2 . 3  The Gasol ine  Mix Problem 

Consider  a product  mix problem w i t h i n  t h 5  context,  o f  a s i m p l i f i e d  

oil r e f i n e r y  s i t u a t i o n .  Supposc t h a t  t h e  r e f i n e r y  wishes t o  b lend  

f o u r  petroleum c o n s t i t u e n t s  i n t o  three grades of g a s o l i n e ,  A ,  B ,  and 

C.  The problem is t o  determine t h e  mix of the f o u r  c o n s t i t u e n t s  

given below. 

Cons ti tuen t 

1 

2 

3 

4 

To ma in ta in  t h e  r e q u i r e d  q u a l i t y  fo r  each grade  of g a s o l i n e , i t  

i s  necessa ry  t o  s p e c i f y  ce r t a in  maximbm or minimum percentages  o f  t h e  

c o n s t i t u e n t s  i n  each b lend .  These a re  given below, a long  wi th  t h e  

s e l l i n g  price f o r  each grade .  
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Not less t han  1 9 %  o 

Assume t h a t  t h e  " p r o f i t "  t o  be maximized i s  t o t a l  sales income 

minus the t o t a l  c o s t  of t h e  c o n s t i t u e n t s .  

We proceed t o  c o n s t r u c t  a matiic?xiiat.icctl model for t h i s  problem. 

%pet Yi  ( i = A, B,  C; j = 1, 2 ,  3 ,  4) be t h e  t o t a l  number of barrels 

of c o n s t i t u e n t  j a l l o c a t e d  t o  gasoline grade  i p e r  day. That is :  

YA1 = t h e  number of ba r r e l s  of c o n s t i t u e n t  1 al located %o gas .  g r .  A 

pe r  day 

'A2 = I' 'I 

I 1  I 1  II II II II I1 II I1  
It 2 )I It A 'I 

I t  

I t  

I 
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The t o t a l  amount of g a s o l i n e  grade  i produced p e r  day i s  then  

Y i l  + Yi2 + Yi3 f Y i 4  

The p r o p o r t i o n  of c o n s t i t u e n t  j i n  g a s o l i n e  grade  i i s  

T h e  t o t a l  profit is g iven  by 

which, when like terms are combined, becomes 

2 . 5  YA1 -0.5 YA2 + 1.5 YA3 + 0 . 5  YAr + 1 . 5  YBl - 1 . 5  Y B 2  + 0.5 Y B 3  

- 0 . 5  YB4 + 0.5 Ycl - 2 . 5  Yc2 - 0 . 5  Yc3 - 1.5 Yc4 

W e  must t h e r e f o r e  maximize this p r o f i t  f u n c t i o n  (our o b j e c t i v e  

f u n c t i o n )  subject t o  t h e  r e s t r i c t i o n s  imposed by t h e  a v a i l a b i l i t y  of 

c d n s t i t u e n t s ,  the b lend  requi rements ,  and by t h e  requi rement  t h a t  

> 0 for i = A ,  B, C; j =' 1, 2, 3,  4. 

The a v a i l a b i l i t y  r e s t r i c t i o n s  c l e a r l y  are: 

' A 1  + 'E31 + 'C1 < - 3 0 0 0  

Y i j  - 

+ Yc2 <2000 'A2 'B2 - 
'A33' '33 + y c 3  - < 4000 

< 1000 'AS 4- '34 + 'C4 - 
The blend r e s t r i c t i o n s  fox  g a s o l i n e  g rade  A are: 

'AI < - 0.3 'YA1 + YA2 + 'A3 + 'A4) 
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However, t h e s e  r e s t r i c t i o n s  are n o t  i n  a convenient  form for a l i n e a r  

programming model, so  they  shou ld  be r e w r i t t e n  as: 

0.7 YA1 -. 0.3  YA2 - 0 . 3  YA3 - 0 . 3  YA4 5 0  

-0.4 YAl f 0.6 YA2 - 0.4 YA3 - 0 . 4  YA4 >o - 
- 0 . 5  YAl - 0 . 5  YA2 f 0.5 YA3 - 0.5  YA4 c0 - 

S i m i l a r l y ,  the f i n a l  forms of t h e  b l end  r e s t r i c t i o n s  for g a s o l i n e  

grades B and C are: 
0 .5  YB1 - 0 . 5  YB2 - 0.5  YB3 - 0 . 5  YB4 ( 0  - 
-0.1 YB1 + 0.9 YB2 - 0 . 1  YB3 - 0 . 1  YB4 > o  - 

0 . 3  Ycl - 0.7 Ycl - 0.7 Yc3 - 0 . 7  Yc4 ( 0  

L e t  u s  n c ~  make t h e  fo l lowing  s u b s t i t u t i o n s  in o r d e r  t h a t  o u r  

- 

xode1 resembles the p rev ious  t w o  examples. 
r 

L e t :  

x l o =  yc2 

yc3 

x12= yc4 
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2 . 4  The Farming Problem 

A c e r t a i n  farming o r g a n i z a t i o n  operates t h r e e  farms of comparable 

p r o d u c t i v i t y .  The o u t p u t  of each farm i s  l i m i t e d  b o a  by t h e  u s a b l e  

ac reage  and by the amount of water a v a i l a b l e  f o r  i r r i g a t i o n .  The d a t a  

f o r  the upcoming season  are t h e  fo l lowing .  

( i n  pure  f e e t )  

The o r g a n i z a t i o n  i s  cons ide r ing  t h r e e  c rops  f o r  p l a n t i n g  which 

d i f f e r  p r i m a r i l y  i n  t h e i r  expected p r o f i t  p e r  acre and i n  t h e i r  consump- 

t i o n  of w a t e r .  Furthermore,  t h e  t o t a l  acrcaqe  t h a t  can b e  devoted t o  each of 

the c rops  is  l imitee by the amount of a p p r o p r i a t e  h a r v e s t i n g  equipment 

a v a i l a b l e .  

Xn o r d e r  t o  ma in ta in  a uniform workload among t h e  farms, i t  i s  

t h e  p o l i c y  of  t h e  o r g a n i z a t i o n  t h a t  t h e  percentage  of the u s a b l e  

ac reage  p l a n t e d  must: be t h e  same a t  each farm. However, any combination 

of t h e  c rops  may be grown a t  any of tire farms. The o r g a n i z a t i o n  wishes  t o  



11: 2.4 

know how much of eat::. crop should be p l a n t e d  a t  t he  respective f a r m s  

i n  o r d e r  t o  maximize expected p r o f i t .  

L e t  u s  now proceed t o  construct a mathematical rr?odef of this LP 

problem. L e t  y = t h e  number of  a c r e s  a t  t h e  i - t h  farm devoted t o  t h e  

j - t h  crop.  
i j  

(i = I, 2 ,  3; j = A ,  B ,  C f  

That is:  

ylA = t h e  number of a c r e s  a t  farm 1 devoted t o  c rop  A 

= t h e  number of acres a t  farm 2 devoted t o  c rop  A '2A 
1 

I 

.y3B = the number of acres a t  farm 3 devoted t o  c rop  B 

I ,  

I 

ydC = t h e  number of acres a t  farm 4 devoted t o  c rop  C 

The o b j e c t i v e  f w c t j o n  (i .e. ,  t h e  p r o f i t  func t ion )  i s  t h e r e f o r e  

given by: 

4 0 0 ( Y l k  + Y2A ' Y3Af + 3 0 0 ( Y l B  + Y 2 B  ' Y3B) + loo(Ylc + Y2c + y3c) 

The r e s t r i c t ions  on u s a b l e  acreage  a t  each  farm are 
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The c rop  r e s t r i c t i o n s  on acreage  are 

Y1A + y2A + Y 3 A  5 700 

+ v d 800 Y1B + Y l B  ' 3 B  .1 

Y1c + Y 2 c  + Y3c ( 3 0 0  

Recause 'of  t h e  p o l i c y  of a uniform workload, t h e  equa t ions ,  

'1A + Y I B  + = y2A + yZB + y2c 

400 600 

- 
'2A -t '2B + '2C 

- 
'3A i- '3B + '3C 

600 30 0 

4 0 0  300 

must be s a t i s f i e d .  Since the f i r s t  two equa t lons  imply t h e  t h i i d ,  t h e  

t h i r d  equa t ion  may b e  omi t ted  from t h e  model. Furthermore,  t h e s e  

e q u a t i o n s  are not y e t  i n  a convenient  form f o r  a l i n e a r  programming 

model s ince a l l  of t h e  var iables  a r e  n o t  on t h e  l e f t -hand  s i d e .  Hence, 

t h e  f i n a l  forms of  t h e  uniform workload r e s t r i c t i o n s  are 

I 
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x5 = '2B 

6 - '3B x -  

x 7  = y1c 

x9 = y3c 

x8 = '2C 

Our model f o r  t h i s  problem then becomes: 

5 Maximize 400(x1 5 x 2 C x3) + 300(x4 + x 

subject t o  the r e s t r i c t i o n s :  

(1) 

1 +x4 X 

x2 +X5 

3 X 

5X 1 +4x4 

5x 3 

5x2 +4x5 

x +*2+x3 1 

x4 +"5 

3x 1 -2x2 - 3x4 -2x5 

x -2x +x5 2 3  

7 +x 

+x6 
+3x7 

+ 4 X 6  

+x6 

x7 
+3x7 

-2x6 

= 1, 2, . .- , 

+xi3 

+3X8 

" 8  

8 

+x 8 

-2x 

9 

+ X6) + 1O0(x7 + Xb + x9)  

< 400 

< 6 0 0  

< 300 

5 1500 

1 

- 
+X9 - 

5 2000 

+3x9 < - 900 

< - 700 
< - 800 

5 300 

0 

0 

+x9 
- - 
- - 

9 -2x 

In t roducing  slack var iab les ,  o u r  model becomes : 

Maximize 400(xl +x2 +x ) + 300(~4 +x5 +xg) ' 1°o(x7  +x8 -exg)  
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I n p u t s  Capac i ty  ( lb . /day)  Price (S/ lb .  1 

Cashews 1 0  0 . 6 5  

Peanuts  IC 3 .25 
Hazels  60 . 3 5  

T o t a l  260 

11: 2.5 

A 

2.5  The Nut Mix Problem 

A manufacturer  wishes t o  de te rmine  an op t ima l  program f o r  

mixing t h r e e  g rades  of  n u t s  c o n s i s t i n g  of cashews, h a z e l s ,  and 

peanuts  acco rd ing  t o  t h e  s p e c i f i c a t i o n s  and p r i c e s  l i s t e d  below. 

Hazels  may be in t roduced  i n t o  ~ - e  mixture  i n  any q u a n t i t y ,  provided 

t h e  s p e c i f i c a t i o n s  beiow a re  m e t .  

- 
m ' . - s  Mixture pe c i f i c a t i on s 

l A  N o t  less than 50% cashews 

I I, 
I Not more than  25% peanuts  
1 
\ N o t  less than  25% cashews I D  

than 5 0 %  peanuts  

i e l l i n g  p r i c e  $ / lb .  -7 
.SO 

. 2 5  I 
Now, suppose t h a t  t h e  manufacturer  h a s  c e r t a i n  c a p a c i t y  l i m i t s  

on t h e  amounts of i n p u t s  he can employ. L e t  t h e s e  l i m i t a t i o n s  ar.d 

t h e  p r i c e  of t h e  i n p u t s  appea r  as  fo l lows:  

The manufacturer  wishes t o  de te rmine  t h e  q u a n t i t y  of each  t y p e  

of n u t  i n  each of t h e  t h r e e  mix tu res  i n  o r d e r  t o  maximize p r o f i t .  
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W e  proceed t o  c o n s t r u c t  a mathematical  model of t h i s  LP 

problem. W e  d e v i a t e  s l i g h t l y  from t h e  n o t a t i o n  of t h e  1 1 0 8  Linear  

Programming U s e r ' s  lranusl i n  o r d e r  t o  conform wi th  our  prev ious  

examples. 

L e t  C ,  P ,  and H r e p r e s e n t  Cashews, Peanuts ,  snd Hazels 

r e s p e c t i v e l y .  

mix ture  i. (i = A, B,  D;  j = C ,  P,  HI. i . e .  

Next let y i j  = the number of n u t s  of type  j i n  

= t h e  number of 'AC 

Cashews i n  mixture  A ,  e t u .  - 
The t o t a l  number of n u t s  i n  mix tu re  A i s  then  given by 

YAC + Y , v  + YAH 
Likewise,  t h e  t o t a l  number of n u t s  i n  mixture  B is 

YBC + YBP + YBH 
and t h e  t o t a l  n u d e r  of n u t s  i n  mixture  D i s  

YDC + YDP + YDH 
On t h e  o t h e r  hand, t h e  t o t a l  number of  cashews i n  a l l  t h r e e  

mix tu res  i s  g iven  by 

'AC + '$C 'DC 

Likewise,  the t o t a l  rimer of peanuts  i n  t h e  t h r e e  mixtures  is 

'AP + 'BP + 'DE 

and t h e  t o t a l  number of h a z e l s  i n  t h e  t h r e e  m i x t u r e s  i s  

YAH + YBH + YDH 
Hence, o u r  mixture  requi rements  are g iven  by 
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or ,  r e w r i t i n g  t h e s e  i n e q u a l i t i e s  t o  have all variables  on t h e  same 

s i d e  of the order r e l a t i o n ,  w e  have 

Fol lowing t h e  convent ion of  t h e  prev ious  t w o  examples,  w e  

adopt  t h e  fo l lowing  s u b s t i t l ? t i o n s :  

x1 = 'AC 

x2 = 'AP 

x3 = YW 

x4 - YBC 
- 
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The mathematical  model f o r  t h i s  LP problem i s  then:  

Maximize 

- 5 0  (x, +x2 +x3) + .35(xq +x5 +x6) + .25(x7 +x8 +xg) -. .65(x1 +x4 +x,) 

-.25 (x2 +X5 +X8) - .35(x3 +x6 +xg) 

= ( a f t e r  combining t e r m s )  -.15x1 -k .25x2 + .15x3 - .30x4 + - lox5 + 

+Ox6 - .40x7 + OX8 - . lox9 

subject t o  t h e  restraints:  

'(1) 

-0.5 x1 + 0 .5  x2 + 0 .5  x3 

- 0 . 2 5 ~ ~  + 0 . 7 5 ~ ~  - 0 . 2 5 ~ ~  

x1 

x2 

- 0 . 7 5 ~ ~  +- 0 . 2 5 ~ ~  + 0 . 2 5 ~ ~  

-0.5 x4 + 0.5 x 5 - 0.5 x 6 

5 0  

5 0  

< 100  

< 1 0 0  

+x4 ""7 - 

+x5 +x8 - 
t x  < 60 9- x3 +x6 

0; i - 1 , 2 ,  . . . ,  9 
Introducing s l a c k  v a r i a b l e s ,  our model becomes 

MaximAae -.15xl + .25x2 + .15x3 - .30x4 + . lox5  -+ Ox6 -.40x7 + 
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CHAPTER 3:  ANALYSIS OF FEASIBLE SOLUTIONS 

3.1 o b t a i n i n g  a S e t  of F e a s i b l e  S o l u t i o n s  

I n  this and t h e  n e x t  c h a p t e r ,  we s h a l l  assume t h a t  t h e  

o b j e c t i v e ' f u n c t i o n  of o u r  LP problem is t o  b e  minimized. W e  s h a l l  

c a l l  a t t e n t i o n  t o  the p b i n t s  a t  which ou r  s t a t emen t s  d i f f e r  from 

t h e  case where t h e  o b j e c t i v e  f u n c t i o n  i s  t o  be  maximized when 

such v a r i a t i o n s  a r i s e .  

d o q s i d e r  aga in  t h e  g e n e r a l  LP problem: 

X n Minimize el x1 + c2 x2 -1- . . 4- Cn 

s u b j e c t  t o  t h e  r e s t r a i n t s :  

(1) all x1 + a12 x2 + . . . + aln xn = bl 

aZl xl + aZ2 x2 + . . . . + a2n x = b2 
?-> 

aml x1 + am2 x + . . . . + am x = bm 2 n 

( 2 )  x i>  0, i = 1, 2 ,  .. . . , n 

or symbol ica l ly :  

Minimized CX subject to :  

(1) AX = B 

L e t  u s  look a t  r e s t r a i n t  (l), t h e  system of  m s imul taneous  

l i n e a r  e q u a t i o n s  i n  n unknowns. 
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Viewing t h i s  system as merely an a b s t r a c t  s e t  of equa t ions ,  

u n r e l a t e d  t o  any p h y s i c a l  phenomena, w e  can make no assumptions.  

However, if t h i s  system arises as the mathematical  model of a v a l i d  

LP problem based on some s e t  of p h y s i c a l  c o n d i t i o n s ,  w e  may assume 

t h e  fo l lowing:  

(1) The number of v a r i a b l e s  i s  g r e a t e r  t h a t  or equa l  t o  

t h e  number o f  equa t ions  ( i .e.  n l  m) . 
( 2 )  The rank of t h e  m x n mat r ix  of c o e f f i c i e n t s ,  A ,  i s  m. 

( 3 )  Any m columns of A,  when thought  of as m-6.imensional 

v e c t o r s ,  are l i n e a r l y  independent.  Th i s  amounts t o  

say ing  t h a t  i f  D i s  any squa re  m x m submatr ix  of  A, 

then]DI # 0 and hence D-’ e x i s t s .  

Suppose now t h a t  w e  wish t o  o b t a i n  a - f e a s i b l e  sol-ut ion t o  our 

LP problem. I n  t h e  system, 

all x1 + a10 x2 + . . . + aln xn = bl 

a21 x1 + a22 x2 + . . . + a2n xn = b2 

+ . . . + a  x = b m  x1 + am2 x2 m n n  

w e  choose any m v a r i a b l e s  and l e t  t h e  remaining n-m v a r i a b l e s  be 

e q u a l  t o  zero .  

Our system of  m equa t ions  i n  n unknowns, AX = €3, then  reduces  

t o  a system of  m equa t ions  i n  m unknowns, DX = €3, where D i s  t h e  

squa re  m x m m a t r i x  whose m columns are the columns of A which correspond 
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t o  t h e  m selected v a r i a b l e s .  

By assumption ( 3 ) ,  ID1 # 0 ,  and hence D-' e x i s t s .  W e  may 
-1 t h e r e f o r e  so lve  f Q r  X '  t o  ob ta in  X' = D B. H e r e ,  w e  have adopted 

t h e  symbol X '  t o  des igna te  t h e  m x 1 matr ix  of unknowns be ing  

solved for.  Henceforth,  w e  s h a l l  use X and X' interchangeably-  

determining whether w e  mean an m x 1 matr ix  o r  an n x 1 mat r ix  by 

t h e  con tex t .  

W e  w i l l  o b t a i n  a s o l u t i o n ,  X ,  t o  our  system AX = B f o r  each 

choice  of D which w e  make. 

The ques t ion  arises: How many choices  of D are t h e r e ?  R e c a l l  

t h a t  D i s  determined by choosing m of t h e  n v a r i a b l e s .  For  each 

way of choosing t h e s e  m v a r i a b l e s ,  t h e r e  corresponds a unique 

square  mat r ix ,  D ,  whose cons t ruc t ion  i s  d iscussed  above. 

There w i l l  b e  a 5  many matrices, D ,  then ,  as t h e r e  a r e  ways of 

choosing m of the n v a r i a b l e s .  I f  w e  were Co choose two i t e m s  from 

a set  a f  f o u r o  w e  might choose ' t he  f i r s t  and second, t h e  second and 

t h i r d ,  t h e  t h i r d  and f o u r t h ,  t h e  f irst  and t h i r d ,  t h e  first and f o u r t h ,  

or t h e  second and f o u r t h .  That i s ,  from a se t  of fou r  items, w e  can 

choose two i t e m s  i n  s i x  d i f f e r e n t  ways. 
/m\ 

I n  g e n e r a l ,  from a set  of n i t e m s ,  w e  may choose m i t e m s  i n  
f m\ 

d i f f e r e n t  ways. H e r e ,  the symbol n r e p r e s e n t s  t h e  number 

4 !  - 4 1  = 1 4 )  ( 3 )  (2) (1) - 
\ I  

- - 
7 eg-(3 2 1  (4 -2)  I, 212! ( 2 )  (1) ( 2 )  (1) 

n l  

m! (n-m) : 
Thus, given the system AX = B which must be s a t i s f i e d  by a 

s o l u t i o n  t o  our  LP problem, w e  can o b t a i n  a s o l u t i o n  (to t h e  system 
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AX = B) by choosing m of t h e  n v a r i a b l e s ,  l e t t i n g  t h e  remaining 

n-m v a r i a b l e s  be e q u a l  t o  zero ,  and s o l v i n g  t h e  r e s u l t i n g  system 

of m equa t ions  i n  m unknowns, DX = B t o  o b t a i n  X = D-lB .  

W e  w i l l  t hen  have m such s o l u t i o n  v e c t o r s  t o  o u r  system (n) 
AX = B. 

i =  1, 2 ,  . . , n) w i l l  a lso be a f e a s i b l e  s o l u t i o n  t o  our  LP problem. 

Any such s o l u t i o n  v e c t o r ,  X ,  f o r  which X > O  ( i . e .  xi)O; 

W e  w i l l  n o t  have ob ta ined  a l l  - of t h e  s o l u t i o n s  t o  our  system 

AX = B by this method of choosing m of t h e  v a r i a b l e s  and l e t t i n g  

t h e  remaining n-m be e q u a l  t o  zero .  For example, a s o l u t i o n  t o  t h e  

system AX = €3 which h a s  f e w e r  than  n-rn zero  components w i l l  n o t  be 

a r r i v e d  a t  by t h e  above procedure.  

Keeping i n  mind, however, t h a t  our a i m  here i s  t o  f i n d  t h e  

" b e s t "  s o l u t i o n  t o  t h e  system AX = B f o r  which X 2 0 ,  w e  map not  

have t o  cons ide r  all of t h e  s o l u t i o n s  t o  t h e  system AX = B .  Th i s  

w i l l  indeed be t h e  case a s  w e  s h a l l  see i n  t h e  n e x t  s e c t i o n .  

3.2 Basic Theorems 

Given t h e  LP problem: 

Minimize CX subject t o :  

(1) AX = B 

( 2 )  x > o ,  
w e  recall t h a t  a feasible s o l u t i o n  t o  t h i s  LP problem is  a v e c t o r  X 

which s a t i s f i e s  (1) and ( 2 ) .  

A bas ic  f e a s i b l e  s o l u t i o n  i s  a f e a s i b l e  s o l u t i o n  wi th  no more 

than  m p o s i t i v e  x That  i s ,  a t  least  n-m of t h e  x. are zero& W e  i' 1 
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n o t e  t h a t  t h e  f e a s i b l e  s o l u t i o n s  which w e  ob ta ined  i n  3.1 w e r e  b a s i c  

f e a s i b l e  s o l u t i o n s .  

An opt imal  s o l u t i o n  is a f e a s i b l e  s o l u t i o n  which minimizes, 

i n  t h i s  case, the  o b j e c t i v e  func t ion ,  CX. 

We have t h e  fo l lowing  u s e f u l  theorems ( G a s s ,  pp 4 6 ,  4 7 ,  and 5 2 ) :  

The set of  a l l  f e a s i b l e  s o l u t i o n s  t o  our  LP problem 

i s  a convex set ,  K.  

T h e  extreme v e c t o r s  of t h i s  convex set, K ,  are merely 

t h e  f e a s i b l e  s o l u t i o n s  which w e  ob ta ined  i n  Sec t ion  3.1. 

I f  t h e  o b j e c t i v e  f u n c t i o n ,  CX,  (i*e., 

. . . +  cn x f assumes an opt imal  va lue ,  it does 

so f o r  an extreme v e c t o r  of K .  I f  CX assumes i t s  

opt imal  va lue  fo r  more than one extreme v e c t o r  o f  K ,  

then  it takes on t h e  same va lue  f o r  every  convex 

c o h i n a t i o n  of these v e c t o r s .  

+ c1 x1 + c2 x2 

n 

I 
L e t  us  now suppose t h a t  t h e  LP problem: 

Minimize CX s u b j e c t  t o :  

(1) AX = B 

( 2 )  x r o  
h a s  an op t ima l  s o l u t i o n .  

W e  now have a method, a l though n o t  a very  e f f i c i e n t  one,  o f  

f i n d i n g  t h i s  s o l u t i o n .  From Sect ion  3.1 and t h e  above theoremsI  

w e  see t h a t  ou r  procedure is as fo l lows .  

(1) Choose m of t h e  var iables  f r o m  xl, x2,  . . . . , xn. 

S e t  the remaining n-m v a r i a b l e s  e q u a l  t o  zero. 
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T h i s  reduces  t h e  problem of f i n d i n g  a s o l u t i o n  t o  t h e  system 

AX = B t o  t h e  problem of  f i n d i n g  t h e  unique s o l u t i o n  t o  DX = B 

where D i s  as c o n s t r u c t e d  i n  Sec t ion  3.1. Tliis gives t h e  unique s o l u t i o n  

X = D  B. -1 

(2) W e  w i l l  o b t a i n  s o l u t i o n  v e c t x s ,  X ,  t o  our  system '9 \" 
AX = B by s t e p  one. W e  m u s t  then  check each of t h c s e  

6 ) so lu t ion . s  t o  see which s a t i s f i e s  X 2 0 .  Such X w i l l  

c o n s t i t u t e  a set of feasible s o l u t i o n s  t o  ou r  LP 

problem. I n  f a c t ,  t h e  f e a s i b l e  s o l u t i o n s  so ob ta ined  

will c o n s t i t u t e  t h e  extreme v e c t o r s  of t h e  convex s e t  

of  911 f e a s i b l e  s o l u t i o n s .  

( 3 )  Since  w e  have assumed t h a t  our  LP problem has an 

opt imal  s o l u t i o n ,  w e  kaow by Theorem 3 of t h i s  s e c t i o n  

t h a t  o u r  LP problem w i l l  ach ieve  t h i s  va lue  f o r  one 

o f  t h e  extreme v e c t o r s  of K. .  ( i .e. ,  f o r  one of t h e  

v e c t o r s  ob ta ined  from s t e p  ( 2 )  above.)  There  w i l l  n o t  

be more than  such v e c t o r s .  W e  t h e r e f o r e  e v a l u a t e  

CX f o r  each of these v e c t o r s  and d e s i g n a t e  t h e  vec tor  

I 

(3 
which produces t h e  s m a l l e s t  va lue ,  i n  t h i s  case, of 

CX as t h e  opt imal  s o l u t i o n  t o  ou r  LP problem. 

Note t h a t  what w e  have a r r i v e d  a t  i s  a method for a r r i v i n g  a t  

an op t ima l  s o l u t i o n  f o r  o u r  LP problem if w e  know t h a t  an  opt imal  

s o l u t i o n  e x i s t s .  

The procedure i s  t e d i o u s  and t i m e  consuming s i n c e  w e  must 

ana lyze(  i) v e c t o r s .  However, t h e  method does c o n t a i n  a E i n i t e  number 

,of s t e p s  and can be carried o u t  w i th  a c o n s i d e r a b l e  amount of t i m e  

and pa t i ence .  
i 
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Since  it i s  d e s i r a b l e  t o  a r r i v e  a t  t h e  opt imal  s o l u t i o n  t o  an  

LP problem i n  the most e f f i c i e n t  manner, t h e  above procedure m u s t  

be a l t e r e d  somewhat. 

Iri general, t h e  proCedure is  t o  s t a r t  wi th  a g iven  extreme 

v e c t o r ,  t o  ana lyze  it and then  t o  o b t a i n  a n o t h e r  extreme v e c t o r  by 

changing o n l y  one of t h e  components. W e  con t inue  th i s - - s topp ing  a t  

a " c e r t a i n  s tage"--being a s su red  t h a t  t h e  f i n a l  v e c t o r  i n  t h i s  

seduance is our  optimal. s o l u t i m .  The technique  involved i n  t h i s  pro- 

cedure  i s  c a l l e d  t h e  "Simplex Method" and is d i scussed  i n  t h e  n e x t  

c h a p t e r  



4 . 1  I n t r o d u c t i o n  

W e  s h a l l  p r e s e n t  merely t h e  mechanics of t h e  s implex method 

he re .  The i n t e r e s t e d  r e a d e r  with a s u f f i c i e n t  mLthematica1 back- 

ground may f i n d  t h e  theoret ical  j u s t i f i c a t i o n  f o r  t h i s  technique  

i n t e r e s t i n g .  Reference is  made t o  Gass, pp 59-71, 

AlfAough our  approach w i l l  be  "cook-bookish" i n  n a t u r e ,  t h e  

f ac t  t h a t  w e  imply t h e  technique  of p u t t i n g  a m t r i x  i n  i t s  row 

)reduced eche lon  form--and c a l l  this procedure j u s t  t h a t  when w e  do 

u s e  it--raises our  d i s c u s s i o n  one l eve l  above , the  u s u a l  p r e s e n t a t i o n  

of t h i s  technique .  

L e t  u s  now look a t  t h e  system 
I 

all x1 + a,, I 
x2 + . . . . + aln xn = bl 

aZ1 x1 + a2, x, + . . - A -t- a2n xn = b, 
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By t h e  vec to r  P1, w e  mean t h e  f i r s t  column of t h i s  ma t r ix .  

By t h e  v e c t o r  P 2 ,  w e  mean the second column of t h i s  ma t r ix ,  e tc .  

i . e .  p1 i p2 i 

i' The v e c t o r  Pi, o f  course ,  corresponds t o  t h e  v a r i a b l e ,  x 

W e  may t h e r e f o r e  s ta te  assumption ( 3 )  of Section 3.1 as follows. 

** Any c o l l e c t i o n  of m v e c t o r s  from t h e  se t  PlP P 2 ,  . . . , Pn 

are l i n e a r l y  independent .  * * * 
With reference t o  Sec t ion  3.2, we choose in of  t h e  n v a r i a b l e s  

and set  t h e  rerriaining n-in equa l  t o  zero .  L e t  u s  r e f e r  t o  t h e  m 

v a r i a b l e s  which w e  choose as t h e  b a s i s  va r i ab , l e s .  

b a s i s  v a r i a b l e ,  w e  s h a l l  ca l l .  t h e  corresponding Pi a b a s i s  vec to r .  

The mat r ix ,  D, which w e  cons t ruc t ed  i n  Section 3 . 2 ,  t hen ,  

I f  xi i s  a 

I 

w a s  merely m x m ma t r ix  whose columns w e r e  t h e  b a s i s  v e c t o r s .  

4.2 Procedure 

Consider the LP problem: 

lYIinimi ze x2 - 3x3 + 2x5 

s u b j e c t  t o  the r e s t r a i n t s :  

+ 2x5 = 7  3 (1) XI + 3x2 - x 

- 2x2 + 4x3 + x4 
-4x2 + 3x 

= 1 2  

+ sx + X6 = 1 0  3 5 
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(2 )  xi 2 0  : i =  1, 2 ,  . . . , n 
W e  see t h a t  i f  w e  choose xl, x 4 ,  and xG as our  b a s i s  v a r i a b l e s  

( l e t t i n g  x2 = x3 = x5 = 01, our  system becomes 

= 7  

= 12 
I X 

x4 
X6 = 1 0  

Therefore ,  w e  can merely r e a d  t h e  s o l u t i o n  v e c t o r ,  X 

(or x 

W e  need n o t  c o n s t r u c t  D and D-' i n  t h i s  case. 

However, t o  be formalf w e  may w r i t e  t h e  above as DX = B 

o r  IX = B s i n c e  D i n  

t h i s  case is  the 3 x 3 i d e n t i t y  ma t r ix ,  i d e n t i t y  ma t r ix ,  

x = I-'B = B s i n c e  1-l = I. 

It w i l l  occur  i n  o u r  procedure t h a t  w e  know which v a r i a b l e s  

w e  wish t o  b e  o u r  b a s i s  v a r i a b l e s .  I t  may t h e r e f o r e  b e  advantageous 

t o  c o n s i d e r  a system e q u i v a l e n t  t o  o u r  o r i g i n a l  b u t  i n  which D, 

t h e  m a t r i x  of b a s i s  v e c t o r s  i s  the i d e n t i t y .  
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W e  i l l u s t r a t e  t h i s  wi th  o u r  examp1.e. W e  have decided t h a t  

x4, and x are t o  b e  o u r  b a s i s  v a r i a b l e s  and hence P1, P4, x1 6 
P are our  b a s i s  vectars. 6 

W e  t h e r e f o r e  c o n s t r u c t  t h e  fo l lowing  t a b l e .  

where Pc i s  merely t h e  coluiw- of c o n s t a n t s .  

matrix corresponds t o  t h e  system: 

The 3 x 7 augmented 

+ 3x2 - x3 + 2x5 = 

- 2x2 +4x3 = 12 

X6 - 4x2 +3x3 + 8x5 = 1 0  

7 x1 

4 X 

Our o b j e c t i v e  f u n c t i o n  is 

+ c6 x6 9 ~ , - . - 8 ~ 3 - 2 ~ 5  
L 

c1 x1 + c2 x2 + c3 x3 + c4 x4 + cs x5 

Hence3cl = 0 ;  c2 = 1; c3  = -3; c .-- 0; c = 2; c = 0 .  

informatioi l  t o  o u r  t a b l e a u  by w r i t i n g  c .  above P t o  o b t a i n :  

W e  add t h i s  4 5 6 

3 j 
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Since  P P q t  and P6 are our  b a s i s  v e c t o r s  (which w e  have i n -  

d i c a t e d  by l i s t i n r  +'ierti f i r s t ) ,  we Lnclude a column on t h e  l e f t  

headed " b a s i s "  and then  l i s t  t h e  b a s i s  v e c t o r s  aga in  wi th  t h e  

a p p r o p r i a t e  c t o  t h e  l e f t  of b a s i s  v e c t o r  P 

1' 

W e  then  have 
j '  j 

L- 

W e  have des igna ted  by v e c t o r  T ,  t h e  column of c 's corresponding  
j 

t o  the b a s i s  v e c t o r s .  

W e  now ca lcu la te  t h e  r e a l  number (T 0 P . >  -c f o r  j = 0 ,  1, 2 ,  . . . , 5  
J j 

and l i s t  t h i s  va lue  beneath t h e  vec to r  P . R e c a l l  from S e c t i o n  3 .1 ,  

P a r t  I ,  t h a t  t h e  d o t  producis o,f two v e c t o r s  i s  a real  number. Thus 
j 

T * P i s  a real number and s i n c e  c i s  a l s o  a real  number, (? 0 P I - -  
j j ' j 

i s  a real number. Note t h a t  T O P  = 0 for j = 0, 1, 2 ,  3 ,  4 ,  5 ,  6 

i n  t h i s  case s i n c e  T =/I) j 

Inc luding  t h i s  f i n a l  in format ion ,  w e  c o n s t r u c t  "Tableau 1" 
TABLEAU 1 
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The a r r a y  which i s  heav i ly  ou t l ined  d i l l  be  called t h e  augmented 

m a t r i x  o f  TABLEAU 1. The c i rc led element  w i l l  be d i scussed  s h o r t l v .  

Reca l l  from Sect ion  3.2, P a r t  I S ,  t h a t  t o  f i n d  tlic op t i iml  s o l u t i o n ,  

w e  merely have t o  i n v e s t i g a t e  t h e  ways of choosing t h e  m b a s i s  

v e c t o r s  f r o m  the set of n column v e c t o r s  af A .  I f  w e  choose t h i s  

Set q f  m Vectors o u t  of a c o l l e c t i o n  of n v e c t o r s  i n  the "best"  

way, w e  w i l l  have determined o u r  op t imal  s o l u t i o n .  

(2) 

Thus l e t  P Pr ,  . . . , P be t h e  m v e c t o r s  which are the  

T h i s  imp l i e s  that xs, x 
7 ,  t 

. . , xt are our  r' . " b e s t "  basis vectors. 

"bes t "  basis v a r i a b l e s .  That  is, by l e t t i n g  t h e  remaining n-m 

v a r i a b l e s  be e q u a l  t o  ze ro  and s o l v i n g  t h e  resulting system of m 

e q u a t i o n s  i n  m unknowns 

DX = B ,  

w e  w i l l  o b t a i n  ou r  opt imal  s o l u t i o n  
-1 x = D  B.  

The problem, t h e n ,  i s  t o  f i n d  t h e  "best" m b a s i s  vec to r s .  

With r e f e r e n c e  t o  o u r  example, w e  s h a l l  choose a new b a s i s  and 

c o n s t r u c t  TABLEAU 2 from TABLEAU 1, choose a d i f f e r e n t  bas i s  

and c o n s t r u c t  TABLEAU 3 from TABLEAU 2 , etc .  However, w e  s h a l l  

n o t  determine ou r  new basis v e c t o r s  i n  a haphazard manner. Indeed,  

t h i s  is the essence  of t h e  simplex method. That  i s ,  fo r  each 

choice  o f  basis v e c t o r s ,  w e  c o n s t r u c t  a t a b l e a u .  

1x1 the simplex method, t hen ,  w e  : 

(1) Star t  wi th  a given bas i s  and c o n s t r u c t  TABLEAU 1. 

(2) Examine each t a b l e a u  and from t h e  l a s t  row, determine 
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ve 

If not, determine  which v e c t o r s  

b a s i s  v e c t s r s  f o r  the nex t  t ab leau .  The method h e r e  

i s  t h a t  t h e  new set  of b a s i s  v e c t o r s  w i l l  d i f f e r  

from t h e  o l d  se t  of b a s i s  v e c t o r s  by only  one v e c t o r .  

BY examining t h e  t a b l e a u ,  w e  dec ide  which v e c t o r  is 

t o l e a v e  t h e  o l d  b a s i s  and which v e c t o r  i s  t o  e n t e r  

t h e  new b a s i s  t o  r e p l a c e  it. 

ve 

If not, determine  which v e c t o r s  

b a s i s  v e c t s r s  f o r  the nex t  t ab leau .  The method h e r e  

i s  t h a t  t h e  new set  of b a s i s  v e c t o r s  w i l l  d i f f e r  

from t h e  o l d  se t  of b a s i s  v e c t o r s  by only  one v e c t o r .  

BY examining t h e  t a b l e a u ,  w e  dec ide  which v e c t o r  is 

t o l e a v e  t h e  o l d  b a s i s  and which v e c t o r  i s  t o  e n t e r  

t h e  new b a s i s  t o  r e p l a c e  it. 

W e  i l l u s t r a t e  t h e  procedure wi th  our example b e f o r e  formal ly  

l i s t i n g  t h e  technique .  R e c a l l  t h a t  w e  had p rev ious ly  dec ided  t h a t  

-"r f i r s t  set of b a s i s  v e c t o r s  would be P1, Pq, and P6 f r o m  which 
1 

w;j cons t ruc te r i  TABLEAU 1. 

W e  examine t h e  l a s t  r o w  and see t h a t  it i s  n o t  t r u e  t h a t  

(T P 1- c , < O  for a l l  j. 

corresponding  t o  t h i s  t a b l e a u ,  i s  not, t h e  " b e s t "  choice  o f  basis 

v e c t o r s .  

That  i s ,  (T e P 3 > -  c3, 0.  The b a s i s  
j 3- 

W e  now look a t  T 0 P - c 

(T e Ej) - c 
for those  j f o r  which(T 0 Pj) - c 9 0 

3 j j 

j' j 
I n  this case, (T 0 PJ) - c > 0 and choose the mxirnum 

on ly  f o r  j = 3. 

select vector P3 t o  e n t e r  o u r  b a s i s .  

Hence, max ( T o  P )- c j  =(T: P3) - c3 = 3. W e  t h e r e f o r e  
j 

u. That  i s ,  t h e  components of P3 

d ,  4 ,  and t h e  t h i r d ,  3 .  
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W e  ca lcu  

Second component o€ P 

Second component of P 4 3 

Third  Component o f  Po - - 10 - 
Third component of P3 3 

Since  min ( 3 ,  10/3) = 3 ,  w e  circle t h e  second component of 

This  e lement ,  4 ,  i n  our  t a b l e a u  i s  c a l l e d  our  p ivo t  element.  P3' 
Looking t o  t h e  l e f t ,  w e  see t h a t  t h e  vec to r  P4 is  t o  l eave  ou r  b a s i s .  

Looking above, w e  see t h a t  t h e  vec to r  P is t o  e n t e r  t h e  b a s i s .  3 

6' Our new set  of b a s i s  v e c t o r s I  t hen ,  w i l l  h e  PI, P 3 ,  and P 

This  will determine TABLEAU 2. 

W e  begin c o n s t r u c t i o n  of TABLEAU 2 by l i s t i n g  t h e  new b a s i s  

v e c t o r s  f i r s t  i n  our h o r i z o n t a l  l i s t  a c r o s s  t h e  t o p  as w e l l  as 

l i s t i n g  them i n  a column t o  t h e  l e f t  a long wi th  t h e  a p p r o p r i a t e  c Y 
W e  ob ta in :  TABLEAU 2 (par t ia l )  

* terms of t h e  b a s i s  v e c t o r s  

t I ,  w e  know t h a t  t h i s  amounts 
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t o  merely p u t t i n g  t h e  ma t r ix  

-1 0 3 0 2 

4 0 -2 1 0 

3 1 -4 0 8 

i n  i t s  row reduced echelon form t o  ob ta in :  

0 0 5/2 1 / 4  2 

1 0 -1/2 1 / 4  0 

0 1 -5/2 -3/4 8 

W e  call t h i s  l a s t  m a t r i x  t h e  augmented mat r ix  of TABLEAU - __I__- 2. 

C a l c u l a t i n g  T - P -- for  j = I ,  3 ,  6, 2 , 4 ,  5 (where T = 
j "j 

t h i s  case), w e  ob ta in :  

Hence, 

T * F 1 -  c l -  - 0 - o = o  

T * P 3  - c3 =-3 - (-3) = 0 
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t- 

T 

0 

- 3  

0 

11: 4.2 

W e  t h e r e f o r e  have: 

TABLEAU 2 

1 0 1 

Examining t h e  last  row, w e  see t h a t  n o t  a l l  of t h e  e n t r i e s  

are less than  o r  e q u a l  t o  zero .  Thus, o u r  bas i s  v e c t o r s  are n o t  the 

"best." S i n c e  1/2 i s  t h e  only  e n t r y  g r e a t e r  t han  ze ro ,  i t  i s  t h e  

l a r g e s t  such e n t r y .  Hence P2 w i l l  e n t e r  t h e  new b a s i s .  

S ince  5/2 is the only  p o s i t i v e  component of  P w e  needn't.  

c a l c u l a t e  10/(5/2) s i n c e  t h e r e  i s  no th ing  t o  compare it wi th .  That  

i s ,  w e  know immediately that 5/2 w i l l  be ou r  p i v o t  element.  

2 '  

There fo re ,  P1 w i l l  leade our  o l d  b a s i s ,  and P2 w i d  e n t e r  o u r  

new b a s i s .  

As w e  d i d  above, b e f o r e  c o n s t r u c t i n g  TABLEAU 3 ,  w e  f i r s t  

r e a r r a n g e  TABLEAU 2 to  i n d i c a t e  which v e c t o r s  w i l l  be i n  o u r  new 

bas I i s . W e  o b t a i n  : 
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P u t t i n g  t h e  xxatrix 

0 0 1 1/11 2 

0 0 114 0 

- 5/2 c 1 0 -3/4 8 

ir. i t s  rcw rec?uccd eche lon  f c r m ,  w e  o b t a i n  

11 3 0 0 2 / 5  l/l@ 4/5 

0 1/5 3/10 2/5 

1 1 -1/2 10 

C l  

b o  
t h e  augmented x a t r i x  of TAELEAU 3.  

C a l c u l a t i n g  T * P - c f o r  j = 2 ,  3 ,  6,  1, 4, 5 (where T = 
j j 

\ I  t h i s  case),  w e  ob ta in :  

j 
Examining the l a s t  r o w ,  we see t h a t  a l l  va lues  of T u  P - c j 

are  less than or  e q u a l  t o  zero.  The b a s i s  v e c t o r s  which gave rise 

t o  this t a b l e a u ,  t hen ,  a r e  t h e  " b e s t . "  

Now TAELEAU 3 corrcspcmc?s t o  t h e  following system which i s  

equivGlent  t o  ou r  o r i g i n a l  sys tem because of t h e  d e r i v a t i o n  of t h i s  

t a b l e a u :  
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+ 2/5 x1 + 1/10 x4 + 4/5 X5 = 

+ 1/5 x1 + 3/10 x4 + 2 / 5  x5 = 

4 

5 
x2 

x3 
x, - 1 / 2  x4 + 10 xs = 11 + 

x6 I 

or r e w r i t i n g  t h i s :  

2 / 5  x1 + x2 + 1/10 x4 + 4/5 x5 

+ x f 3/10 x4 + 2/5 x5 = 5  1/5 XI 3 
- 1/2 x4 + 10 x + X6 = 11 x1 5 

= 4  

Since  P2, P 3 ,  and P were t h e  v e c t o r s  which w e  dec ided  were t h e  

and x as the basis v a r i a b l e s .  
6 

x3 6 b e s t  b a s i s  v e c t o r s ,  w e  choose x2, 

That  i s ,  w e  set x = x5 = 0 .  = x 1 4 This reduces our system to :  

4 

5 

x = 11 

2 X 

x3 

6 

which w e  t r i v i a l l y  s o l v e  t o  o b t a i n :  

x = 4 ;  x = 5 ;  x = 11. 
2 3 G 

Hence o u r  opt imal  s o l u t i o n  i s  

W e  can e a s i l y  c a l c u l a t e  t h e  opt imal  va lue  of  t h e  o b j e c t i v e  f u n c t i o n  
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cx = (cl I c2‘ r 

by s u b s t i t u t i o n  t o  o b t a i n  : 

(0, 1, - 3 ,  O r  2 ,  0 )  

c6 

(i) 11 

( 0 ,  1, 

= -11 

L e t  u s  now s t a t e  t h e  procedure which wc have fol lowed.  

Minimize cx = (cl I c2 I c1 x1 f c2 x2 + . .  

X subject t o  t h e  res t ra ints :  +‘n n 
(1) all xl + a12 x2 + . . . + a x = bl  In  n 

. . . 3 a2n xn = b2 a21 x1 + a22 x2 + 

x + a  x + . . . +  a m x  = b m  aml 1 m 2  2 n 

( 2 )  xi 2 0; i = 1 , 2  r . . .  , n  

W e  cons ide r  t h e  v e c t o r s  P1, P2r  . . . , Pn and a t t empt  t o  f i n d  

the ”best” s e l e c t i o n  of m o f  t h e s e  v e c t o r s  t o  be  our b a s i s  v e c t o r s .  

W e  then  s o l v e  f o r  t h e  cor responding  b a s i s  v x r i a b l e s  by l e t t i n g  t h e  
1 
remaining n-m variables be e q u a l  t o  zero. 
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W e  have : 

p1 

n;  

us 

w e  

p2 'n 

N o b ,  f o r  each  t a b l e a u ,  o u r  va lues  of a i j  and b (i = 1, 2 ,  . . . , 
j 

j = 1, 2 t  . . . , m) w i l l  change. However, t h i s  w i l l  n o t  c a u s e  

any confus ion .  

shall mean t h e  second component of P i n  t h i s  t ab leau .  T h i s  w i l l  

I f  w e  w r i t e  a23  when speaking of t h e  4-th t a b l e a u ,  

3 
d i f f e r  from aZ3 i n  the 7-th t a b l e a u .  Likewise,  b i n  our  second 

t a b l e a u  w i l l  d i f f e r  f r m  b5 i n  o u r  8-th t a b l e a u  s i n c e  t h e  column 

of c o n s t a n t s  i n  t h e  e q u i v a l e n t  systems which t h e s e  t a b l e a u s  r e s p e c t i v e l y  

r e p r e s e n t  may d i f f e r  . 

5 

(1) Me beg in  w i t h  a given s e t  of m basis v e c t o r s .  We then  con- 

a s  i t s  columns -- p u t t i n g  s t r u c t  a m a t r i x  with pl, pa, . . . , pn, P 

the m basis v e c t o r s  f i r s t ,  then t h e  remaining n-m nonbasis  vec tors .  

0 

W e  then  p u t  t h i s  m a t r i x  i n  i ts  row reduced eche lon  form i f  it i s  

n o t  a l r e a d y  i n  t h i s  form. This  i s  t h e  augmented ma t r ix  f o r  t h i s  

t a b l e a u .  

Above each  column of t h i s  ma t r ix ,  w e  d e s i g n a t e  it by P ( j  = 
j 

0, 1, . . . , n ) .  Above each P Cj = 1,'2, . . . . . , n ) ,  w e  p u t  
j 

j' 
t h e  cor responding  c 

To t h e  l e f t  of  t h e  1-st column, w e  form a column d e s i g n a t i n g  

the m b a s i s  v e c t o r s  f o r  t h i s  t a b l e a u  wi th  the correspondi.ng c 

forming a column t o  t h e  l e f t  of t h i s .  W e  c a l l  t h i s  f i n a l  column 
j 

the v e c t o r  T fo r  t h i s  t ab leau .  
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For j = 1, 2 ,  . . . , n,  

and p l a c e  it i n  a box benea th  

( 2 )  W e  examine t h e  l a s t  

f o r  a l l  j ,  we have a r r i v e d  a t  

w e  c a l c u l a t e  t h e  real  number T I P  -c 

the column headed P 

r o w  of ou r  t ab leau .  I f  I' 0 P.-c. < 0 

the "best" s e l e c t i o n  of m b a s i s  vec to r s .  

j j  

j '  

7 3 -  

I f  there e x i s t s  a j f o r  which T - P .-c > 0 b u t  f o r  which a i j  5 0 
7 1  

f o r  all i, then  no opt imal  s o l u t i o n  e x i s t s .  

If f o r  every  j f o r  which T * P.-c  > 0 ,  t h e r e  exists some a > 0 ,  3 1  i j  
t hen  t h e  P f o r  which T - P  -c is  t h e  l a r g e s t  w i l l  b e  t h e  v e c t o r  

j j j  
t o  e n t e r  ou r  new b a s i s .  

( 3 )  If P .  i s  t h e  vec to r  determined i n  s t e p  ( 2 )  t o  e n t e r  t h e  

i j  

? 
b a s i s p  w e  know t h a t  a t  l eas t  one a > 0. 

For a11 such i ( i . e . ,  f o r  a l l  a i j  > 01, w e  c a l c u l a t e  

bi 

a i j  

N o t e  t h a t  j i s  f i x e d .  

t h e  bl 

I t  i s  determined by ( 2 )  - The a i j  for  which 

j u s t  c a l c u l a t e d  i s  least i s  c a l l e d  the p i v o t  e lement  of 

o u r  t a b l e a u .  ij a 

I f  a,, is  the p i v o t  e lement ,  P,  is  t o  l eave  t h e  basis and P .  *, A - 
is  t o  e n t e r  t h e  basis. 

We now have a new b a s i s  t o  i n v e s t i g a t e  and hence go back t o  

s$ep (1). W e  con t inue  t h i s  process  u n t i l  i t  i s  determined i n  s t e p  

( 2 )  t h a t  w e  have a r r i v e d  a t  ou r  " b e s t "  s e t  of  in b a s i s  v e c t o r s  o r  t h a t  

no opt imal  s o l u t i o n  e x i s t s .  



s t e p s  (1) and ( 3 )  i n  ou r  procedure would remain t h e  

however , wauld become : 

( 2 ' )  W e  examine t h e  l a s t  r o w  of o u r  t ab leau .  

If 'I? - P .-c. > 0 f o r  a l l  j, we have a r r i v e d  a t  t h e  "best" set 
3 J -  

o f  basis v e c t o r s .  

If t h e r e  ex is t s  a j for which T 0 P -c. < 0 b u t  €o r  which a i j  C - 0 
j i  

fo r  aLI i, t hen  no opt imal  s o l u t i o n  e x i s t s .  

If f o r  every  j for  which T O  P,-c, 9 0 ,  t h e r e  e x i s t s  some a,, > 0 ,  

then  t h e  P f o r  wh4ch T * P -c i s  t h e  most negakive 
j j j  

J-J 

w i l l  be t h e  

v e c t o r  t o  e n t e r  t h e  b a s i s .  

gate: The g e n e r a l  LP problem i s  t o  minimize 

X n cx = c1 x1 + c 2 , x 2  + . z + cn 

sbbjeci: t o  t h e  r e s t r a i n t s :  

(1) all x1 + a 1 2 x 2 + .  . . + a  I n  xn = bl 

+ . . . + a2n xn = b2 a 2 1  x1 + a22 x2 

+ .  . . + a m x n = b m  x1 + am2 x2 
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* 

W e  would then  choose t h e s e  m v e c t o r s  as our  i n i t i a l  b a s i s  v e c t o r s .  

I f  we do n o t  have m such vec to r s  among our o r i g i n a l  n ,  w e  might 

cons ide r  t h e  fo l lowing  augmented LP problem: 

+ 
+ WXn+2 Minimize c1 x1 + c2 x2 + . . + en x + Wxn+l n 

. . . f w x n + m  

s u b j e c t  to :  

(1) all xl. + a12 x2 + - - : + aln xn + xn = = bl 
a21 x1 + a22  x2 + . . + a2n xn + . . . xn = + .  . . = b 2  

aml x1 + am2 x2 + - . . + a x + . . . . . + Xn+m = bm mn n 

w is an unspec i f i ed  l a r g e  number. 

can b e  chosen as Thus, t h e  v e c t o r s  Pn+lI * 'n+m 'n+2' 
t h e  i n i t i a l  b a s i s  f o r  t h i s  augmented LP problem. If X 

f e a s i b l e  solution t o  t h e  o r i g i n a l  problem, then X '  

s o l u t i o n  t o  the augmented problem. 
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By t h e  n a t u r e  of w, i f  t h e  s implex procedure g i v e s  u s  a 

minimum s o l u t i o n  t u  t h e  augmen”:ed system, then  

. . . = x  = 0. - - 
n+l = n+ 2 n+m X 

woufd then be t h e  opt imal  s o l u t i o n  t o  our  o r i g i n a l  

problem. x=l xn 

If t h e  o r j g i n a l  problem i s  n o t  f e a s i b l e ,  and i f  X’= 

I ?+I I t h e  minimum f e a s i b l e  s o l u t i o n  Lo t h e  augmented s y s t e m p  

then  a t  l e a s t  one x ~ + ~  w i l l  be p o s i t i v e .  

reader is referred to Gass, page 72. 

The i n t e r e s t e d  

In models which a r i s e  from LP problems i n  which a slack v a r i a b l e  

has  t o  be in t roduced  i n  each equat ion  ( i .e. ,  when w e  have a system 

of  i n e q u a l i t i e s ) ,  t h e r e  w i l l  be no need t o  worry about  an augmented 

LP problem. The b a s i s  v e c t o r s  w i l l  b e  appdren t ,  

!”he r eade r ,  wi th  a g r e a t  d e a l  of t i m e  and p a t i e n c e ,  should  now - 
be & L e  t o  f i n d  t h e  opt imal  s o l u t i o n s  t o  t h e  examples i n  Chapter  2 ,  

P a r t  11. I t  w i l l  prove t o  be  more e f f i c i e n t ,  however, t o  u t i l i z e  an 

e l e c t r o n i c  computer t o  o b t a i n  these  s o l u t i o n s .  P a r t  I11 d i s c u s s e s  t h e  

necessa ry  procedure.  
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PART 111: U T I L I Z A T I O N  OF THE UNIVAC 1108 

CHAPTZR 1: OBTAINING AN OPTIMAL SOLUTION (THE PRIMAL PROBLEM) 

1.1 Scope 

Th i s  manual i s  a pr imer  t o  be used i n  conjunct ion  wi th  t h e  

Linear  !?rograming--Programmefs RefereE-e Manual (UP-4138). The 

scope of t h i s  manual i s  e s p e c i a l l y  p e r t i n e n t  i n  P a r t  11. 

i s  made t o  d i s c u s s  a l l  of t h e  commands mentioned i n  UP-4138. I n s t e a d ,  

a few b a s i c  commands are expla ined  wi th  t h e  hope t h a t  t h e  u s e r  w i l l  b e  

able t o  u t i l i z e  manual. UT-4138 a f t e r  the i n t r o d u c t i o n  presented  he re .  

NO a t t e z l p t  

An LP t a p e  i s  a v a i l a b l e  f o r  t h e  UNIVAC 1108 located a t  Bellcolnm 

i n  L 'Enfant  P l a z a ,  Washington, D.C.  This  t a p e ,  LPPwB--#1815, c o n t a i n s  

a program f o r  " so lv ing"  an LP problem. To u t i l i z e  t h i s  t a p e ,  t h e  

u s e r  m u s t  be  a b l e  t o  "cal l"  t h e  t a p e  v i a  t h e  Exec 8 c o n t r o l  language,  

" feed  i n "  t h e  d a t a  f o r  h i s , p a r t i c u l a r  problem, and f i n a l l y  o b t a i n  

l 

t h e  d e s i r e d  informat ion  by us ing  va r ious  "commands, " 

I n  this c h a p t e r ,  w e  seek only  t 3  o b t a i n  t h e  optimal s o l u t i o n  t o  

our  LP problem and t o  d i s p l a y  o u r  d a t a  i n  a convenient  form. F inding  

t h e  opt imal  s o l u t i o n  t o  a n  LP problem is  sometimes r e f e r r e d  t o  as 

t h e  primal problem. 

W e  s h a l l  i n v e s t i g a t e  o t h e r  in format ion  about  our LP problem which 

can be o b t a i n e d  from o u r  LP t a p e  as w e l l  as the commands necessary  

t o  o b t a i n  t h i s  a d d i t i o q a l  i l i formation i n  t h e  n e x t  chap te r .  
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1 . 2  The Run S t r e a m  

By the run stream of our  LP problem, w e  sha l l  mean t h e  sequence 

of commands t o  t h e  Execut ive System necessary  t o  u t i l i z e  t h e  LP 

t ape .  The fo l lowing  run stream is  a p p r o p r i a t e  f o r  t h e  Exec 8 System 

Version E . 2 .  

The f i r s t  c a r d  i n  our  run stream i s  our  "run card." The i n f o r -  

mation on t h i s  card ,which  may d i f f e r  f o r  v a r i o u s  r u n s , i s  exp la ined  

below. 
- - 

I 
I 

RUll Account 3 r o i e c t  Max Max 
I q e n t i f  ica- Number Nu&er T ime  Pages 
t i o n  

I 

Following o u r  pun c a r d ,  we p l a c e  the remaining Execut ive 

commands.. They are: 

1 1  2 3 4 5 6 7 8 9 10 11 12 13 14 IS 16 17 18 19 20 21 
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The r eade r  is r e f e s e d  t o  t h e  BelXcomw-Exec 8--Use?s Manucll 

for an exp lana t ion  of t h e s e  commands. 

Following the l a s t  Execut ive command above, t h e  "Execute" 

command (@XQT - etc.)  , come the commands t o  t he  1108 and the d a t a .  

A f t e r  all O f  these c a r d s  are ar ranged  i n  the deck, place a final 

Execut ive command. This  card is s imply  

It follows the card 

- - 
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1 . 3  Inpu t  of Data 

Recall  ExampLe 1, Chapter  2 ,  P a r t  11. W e  wished t o  determine 

X 1 r  x 2 ,  and x3, the number of u n i t s  o f  products  1, 2 ,  and 3 , r e spec -  

t i v e l y ,  which should be  produced each week i n  o r d e r  t.3 maximize 

t h e  p r o f i t  f u n c t i o n  

s u b j e c t  t o  t h e  r e s t r i c t ions :  

4 x  + 3x2 1 < 100 - 

+ x(50 

x < 20 

1 3 -  

3 -  

2x 

N o t e  h e r e  t h a t  w e  l e a v e  cond i t ion  (1) i n  t h e  form of a system 

of i n e q u a l i t i e s .  
, 

W e  f i r s t  create a name f o r  each r o w  ar.d f o r  each v a r i a b l e  i n  

(11 as w e l l  a s  a name f o r  t h e  o b j e c t i v e  func t ion .  The requirement  

h e r e  is t h a t  each name must con ta in  from one t o  s i x  symbols wi th  

a space  count ing  as a symbol. 

For  the t h r e e  v a r i a b l e s ,  >:L, x2 ,  and x3, w e  create names which 

w i l l  remind us  what t h e s e  variables r ep resen t .  Hence, w e  l e t :  

PROD 1 = x1 

PROD 2 = x2 

PROD 3 = x3 
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The obvious name f o r  o u r  o b j e c t i v e  f u n c t i o n  i s  t h e  s i x  symbol 

name : PROF I T .  

Cons ider ing  the o r i g i n  of t h e  fou r  i n e q u a l i t i e s  i n  (l), w e  

d e s i g n a t e  them +s follows: 

8 x  + 2x2 + 3x3  ( 2 0 0  MILMG H 1 
< 100  LATHE 4x1 + 3x2 - 

+ x ( 5 0  GRNDER 

x 3  5 20 SALPT3 
2x1 3 -  

Recall t h a t  af ter  t h e  i n t r o d u c t i o n  of s l a c k  v a r i a b l e s ,  ou r  

system of i n e q u a l i t i e s  became the  fo l lowing  system of equat ions :  

8 x  C 2 s  + 3 x 3  + 'c4 = 200  

4 x  4 3x2 

2xl 

1 2 

1 = 100 

= 50 
+ x5 

6 + x  3 

3 

+ x  

X + x7 = 20 

I 
W e  w i l l  n o t  be concerned wi th  w r i t i n g  #is system of equa t ions  

when u t i l i z i n g  the computer. The computer w i l l  "take care of  this" 

f o r  us. W e  need not create a name for t h e  s l a c k  v a r i a b l e s  x x 4 '  5 '  
x6, and x 

i n e q u a l i t y  from which they  arose. That  i s ,  t h e  computer w i l l  s e t :  

The computer w i l l  de s igna te  them by t h e  name of t h e  7' 

MILMCH = x4 

LATHE = x5 

GRNDER = x6 

SALPTP = x, 
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* * There fo re ,  MXLMCH r e p r e s e n t s  both the f i r s t  i n e q u a l i t y  and t h e  

s l a c k  variable in t roduced  i n t o  this i n e q u a l i t y  t o  create an equa t ion .  * * 
Hence, i f  MfLMCH assumes  a p o s i t i v e  va lue  i n  ou r  optimal s o l u t i o n ,  

this means t h a t  t h e  s l a c k  v a r i a b l e  x6 i s  p o s i t i v e  ( r a t h e r  t han  zero)  

i n  o u r  opt imal  s Q l u t i o n .  W e  no ted  i n  Section 2 . 1 ,  P a r t  11, t h a t  

t h i s ,  i n  tu rn ,would  imply x6 hours  p e r  week o u t  of t h e  200 hours  

a v a i l a b l e  on the m i l l i n g  machine should n o t  be  used. 

W e  are now prepared  t o  i n p u t  t h e  d a t a  f o r  this p a r t i c u l a r  

problem. The f i r s t  card a f t e r  t h e  execu t ive  command "execute" ,  

i s  a c o n t r o l  command t o  t h e  1 1 0 8  d e s i g n a t i n g  whether t h e  o b j e c t i v e  

f u n c t i o n  i s  to  be maximized or  niinimized. 

* I f  t h i s  card is a b s e n t ,  t h e  system w i l l  assume that t h e  ob- 

j e c t i v e  f u n c t b n  i s  t o  be maximized.. * * 
Since t h i s  is indeed  t h e  case i n  our  problem, w e  do n o t  i nc lude  

t h i s  card. 

If the o b j e c t i v e  f u n c t i o n  w e r e  t o  be  minimized, w e  would have 

inc luded  t h e  fo l lowing  card a f t e r  the "@XQT- etc." card: 
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Suppose t h a t  o u r  o b j e c t i v e  f u n c t i o n  is c x1 + c2 x2 + . . . 
and o u r  (1st) r e s t r i c t i o n  is 

+ cn xn 

all x1 + a12 x2 + - - + a l n  xn i b l  

x < b  
+ a2n n -  2 aZ1 x1 + a22 x2 + . . 

+ am Xn<bm + a  x + . .  x1 m2 2 

W e  have i n d i c a t e d  t h a t  t h e  i n e q u a l i t i e s  may be i n  e i t h e r  di- 

r e c t i o n .  W e  may also have e q u a l i t i e s .  

To r ead  t h i s  in format ion  i n t o  t h e  computer, w e  must s p e c i f y  

t h e  va lues  3f Clf al l ,  a21f = . , amlr  c a  2 c  12, a 2 2 ,  . . I 

a m2,  c3, . . . . . , c n t  a a2nf  . I am, b l f  b2'. - . . I bm 

i n  t h i s  o r d e r .  - .  

W e  must  have one card f o r  each of  these va lues  and  m u s t  a r r a n g e  

these c a r d s  i n  t h e  i n d i c a t e d  o r d e r ,  A card need e b a  inc luded  i n  

the  data deck, howeber, t o  s p e c i f y  a va lue  of zero.  

W e  i l l u s t r a t e  +is procedure wi th  an example. Fol lowing t h e  

card "SET OBJECT TO ( M I N  1 ", i f  it is i n c l u d e d ,  w e  p u t  t h e  c a r d  

Our n e x t  c a r d ( s )  designates t h e  names w e  have c r e a t e d  f o r  ou r  

rows ( i . e . , o u r  o b j e c t i v e  f u n c t i o n  and the i n e q u a l i t i e s  i n  c o n d i t i o n  (1) ) .  

We have : 
I 
i 
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one card 

N o t e  &e card columns i n  which e n t e r  t h e  a p p r o p r i a t e  i n -  

formation.  The "5"  i n  column 6 r e p r e s e n t s  t h e  number of r o w  labels 

con ta ined  on t h e  qard .  W e  beg in  t h e  r o w  names i n  columns 2 5 ,  37,  

49 ,  and 61 .  If t h e r e  w e r e  any m o r e  r o w  l abe l s ,  w e  would have begun 

a n o t h e r  ca rd  p u t t i n g  t h e  a p p r o p r i a t e  number i n  column 6 and aga in  

s t a r t i n g  t h e  l a b e l s  i n  columns i n  2 5 ,  3 7 ,  etc .  

Before each row label, w e  p u t  ei ther a "+" , a "-", or a b lank:  

A blank  i n d i c a t e s  t h a t  our row i s  e i t h e r  an equat ion  o r  

t h e  o b j e c t i v e  func t ion .  

A "+" i n d i c a t e s  t h a t  ou r  row is  an i n e q u a l i t y  of t h e  form ''5". 
A "-" i n d i c a t e s  t h a t  our 'row is  an i n e q u a l i t y  of t h e  form ">". 

W e  proceed t o  i n p u t  the nonzero c and a i j  as fo l lows .  
j 

W e  i n c l u d e  the card b e f o r e  

s p e c i f y i n g  o u r  d a t a .  

Our f i r s t  d a t a  card i s  

which r e p r e s e n t s  t h e  c o e f f i c i e n t  of x1 (PROD 1) i n  the o b j e c t i v e  

f u n c t i o n  (PROFIT). 
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4 5 6 7 8 9 10 1 1  12 13 14 I 5  16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 3 3 3 4  35 

2 .  M CH i P R p  D 2 M I L  I 

Pay p a r t i c u l a r  a t t e n t i o n  t o  t h e  c a r d  columns i n  which t h i s  

i n fo rma t ion  i s  p laced  and e s p e c i a l l y  t o  t h e  l o c a t i o n  of t h e  decimal 

p o i n t .  Our n e x t  f e w  cards are: 

- - 

Here w e  have i n d i c a t e d  the c o e f f i c i e n t  of x (PROD 1) i n  the 

t h i r d  i n e q u a l i t y  (GRNEER).  W e  do n o t  include a c a r d  for the  co- 

e f f i c i e n t  of x i n  t h e  fourth i n e q u a l i t y  (SALPT3) s i n c e  t h i s  c o e f f i c i e n t  

i s  ze ro .  

Our remaining cards are then:  
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. .  . 
, *  

W e  now i n p u t  t h e  column of c o n s t a n t s  ( c a l l e d  t h e  B-vector) 

by f i r s t  inc lud ing  the c a r d  



N q t e  t h a t  w e  i n d i c a t e  which row t h e  c o n s t a n t  on any c a r d  

corresponds t o  by merely l i s t i n g  the r o w  l a b e l  i n  t h e  a p p r o p r i a t e  

card columns. Our n e x t  card is  

and i n d i c a t e s  t h a t  w e  have completed ou r  i n p u t .  
I 

1.4 Display  Commands 

A f t e r  w e  have i n p u t  our  d a t a ,  and b e f o r e  w e  a sk  f o r  the 

opt imal  s o l u t i o n  ( o u r  pr imal  s o l u t i o n ) ,  w e  may wish .to ana lyze  

and d i s p l a y  the d a t a .  W e  may i n c l u d e  t h e  fo l lowing  commands i n  the 

deck of ca rds .  
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The conmands MATRIX and EQLIST m e r e l y  cause  our  d a t a  t o  b e  

d i sp layed  i n  m a t r i x  form and equa t ion  form r e s p e c t i v e l y .  "Matrix" 

i s  d i s c u s s e d  i n  Sec t ion  5 ,  page 66 and i n  Appendix A, page 11 of 

UP-4138.  "EQLIST" i s  d i s c u s s e d  i n  Section 5, page 25 and i n  Appendix A, 

page 13 of UP-4138. 

The command MTXMAP causes  t h e  ina t r ix  d i sp l ayed  by t h e  comand 

MATRIX t o  b e  ana lyzed  and p r i n t e d  i n  a coded p i c t o r i a l  form. Th i s  

command i s  d i s c u s s e d  i n  Sec t ion  5 ,  page 67 and i n  Appendix A,  page 15 

of UP-4138. 

The o u t p u t  e f f e c t e d  by t h e s e  commands i s  given on t h e  nex t  

f o u r  pages,  the t h i r d  f o u r t h  pages of  o u t p u t  cor responding  t o  

t h e  command MTXNM. 

With r e f e r e n c e  t o  t h e  ma t r ix  t a b l e a u ,  t h e  names w e  have g iven  

t o  the o b j e c t i v e  f u n c t i o n  and the r e s t r a i n t s  of c o n d i t i o n  (1) a r e  

l i s t e d  i n  t h e  column a t  t h e  l e f t .  The names w e  have g iven  t o  t h e  

v a r i a b l e s  xl, x 2 ,  and x3 are l i s t e d  i n  t h e  top  row. 

The element i n  t h e  r o w  l a b e l e d  LATHE and t h e  column l a b e l e d  

PROD 2 i s  3.000000. Th i s  corresponds t o  t h e  f a c t  t h a t  " 3 "  is the 

c o e f f i c i e n t  of x2 ( r e p r e s e n t e d  by PROD 2 )  i n  t h e  second r e s t r a i n t  

o f  c o n d i t i o n  (1) ( r e p r e s e n t e d  by LATHE). 
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Note that  the column headed B-VEC (and a l s o  t h e  column headed 

*B1) c o n t a i n s  the r igh t -hand  s i d e  elements of t h e  r e s t r a i n t s  of 

c o n d i t i o n  (1) . 
T h i s  m a t r i x  cor responds  t o  an LP problem i n  which t h e  o b j e c t i v e  

f u n c t i s h  i s  t o  be maximized and the r e s t r a i n t s  are all i n e q u a l i t i e s  

of t h e  '.'e' order. 

3 . 2 ,  g a f f  1x1. I n  that  case, the m a t r i x  cor responds  to  an LP 

problem i n  which t h e  o b j e c t i v e  f u n c t i o n  is to be minimized and i n  

which t h e  r e s t r a i n t s  of c o n d i t i o n  (1) are i n e q u a l i t i e s  of t h e  

Compare t h i s  m a t r i x  w i t h  t h e  m a t r i x  i n  Seccion 

I* -&', 

order. 

For i l l u s t r a t i v e  purposes ,  n o t e  t h a t  t o  f i n d  xl, x2, and x3 

which maximize 

x1 - 2x f 315 2 

is  e q u i v a l e n t  t o  f i n d i n g  x x2 ,  and x which minimize 1' 3 

- (x l  - 2x f 3x3) = -xl $. 2x2 - 3x3. 

4x1 -I- x2 - 5x3 > 1 0  

2 
Also, xl, x2,  and x3 are such t h a t  

- 
i f  and on ly  i f  

-4x1 - x + 5x3<-10 - 2 

From the M T M P  o u t p u t ,  w e  read t h a t  t h e  e lement  i n  t h e  row 

l&eled MILMCB and t h e  column labe led  PROD 2 02 the MATRIX OUTP'JT 

fox this problem shou ld  be greater than or e q u a l  t o  1 .0  b u t  less 

t han  or e q u a l  t o  1 0 .  T h i s  i s  indeed  t h e  case s i n c e  a g l a n c e  a t  our  

m a t r i x  o u t p u t  reveals that  this element i s  2.3. 
\ 
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A l s o ,  t h e  MTXMAP o u t p u t  t e l l s  us t h a t  t h e  element  i n  t h e  r o w  

l a b e l e d  LATHE and the column l a b e l e d  PROD 3 of  our  MATRIX o u t p u t  

should b e  a zero.  A g lance  a t  ou r  MATRIX ou tpu t  confirms t h i s .  

1.5 GOGOGO 

The command GOGOGO causes  an opt imal  s o l u t i o n  t o  be  ob ta ined  

if such a s d l u t i o n  e x i s t s .  The a c t i v i t y  of t h e  1108 which is  

t r i g g e r e d  by t h i s  command r e p l a c e s  t h e  c a l c u l a t i o n s  d i scussed  i n  

P a r t  11. I t  is  t h e r e f o r e  an extremely impor tan t  command. For a 

f u r t h e r  d i s c u s s i o n ,  see Sect ion  5,  page 39 of  UP-4138. 

W e  f o l l o w  the GOGOGO command wi th  t h e  command PRIMAL. Th i s  

causes  t h e  opt imal  s o l u t i o n  a r r i v e d  a t  by t h e  commad t o  b e  p r i n t e d .  

The two c a r d s  which follow our  d i s p l a y  commands are t h e r e f o r e :  

Recall o u r  example of maximizing t h e  p r o f i t  func t ion  

20x1 + 6x2 + 8x3 s u b j e c t  to: 

(1) 8x1 i- 2x2 i- 3x3 <200 I_ 

4x + 3x2 > l o o  
2x1 4- x3 5 50 

x3 5 20 

1 
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( 2 )  xi> - 0 ;  i = 1, 2 ,  3 

The opt imal  s o l u t i o n  t o  t h i s  problem is read  from t h e  o u t p u t  

on t h e  f ol lowing page. 

I n t e r p r e t i n g  these r e s u l t s ,  w e  see t h a t , i n  o r d e r  t o  maximize 

p r o f i t ,  the manufactur ing f i r m  (Section 2.1, P a r t  11) shou ld  produce 

(on the average)  13 3/4 u n i t s  of product  1 p e r  week, 15  u n i t s  of 

product  2 p e r  week, and 20 u n i t s  of product  3 p e r  week. 

Note q a t  GRNDER = x6 t a k e s  on t h e  nonzero va lue  2.5 i n  

t h e  opt imal  s o l u t i o n .  

e q u a l i t y  

t o  o b t a i n  t h e  

equal; i on 

R e c a l l  t h a t  w e  in t roduced  x6 i n t o  t h e  in-  

< 50 

2x + x3 + x = 50 
3 

1 6 

2x1 + x 

The "best" va lue  of x i s  2.5.  This  means simply t h a t  the 6 
manufacturer  should n o t  u s e  2.5 machine hours  p e r  week of t h e  50 

machine hours  p e r  week ava i lab l -e  on t h e  g r i n d e r .  
I 

W e  t h e r e f o r e  have t h a t  xl, x2, x3, and x are our  b a s i s  

v a r i a b l e s .  W e  can e a s i l y  c a l c u l a t e  t h e  opt imal  va lue  of  ou r  

o b j e c t i v e  f u n c t i o n  (the maximum weekly p r o f i t )  by c a l c u l a t i n g  

6 

c1 + c 2  x2 ' c3  x3 + c 4  x4 + c5 x5 + c 6 " 6  

= 20(13  3/4) + 6 ( 1 5 )  + 8 ( 2 0 )  + O(0) + O(2.5) + O(0) 

= $525 

However, this informat ion  i s  aon ta ined  i n  ou r  pr imal  ou tpu t .  

W e  merely look for  t h e  o b j e c t i v e  f u n c t i o n  l a b e l  and r ead  t h e  

n e g a t i v e  of t h e  " A c t i v i t y  Number" b e s i d e  it. 
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I n  our  case we n o t e  t h a t  o u r  o b j e c t i v e  f u n c t i o n  label, PROFIT, 

h a s  an "E" t o  t h e  l e f t  of it. W e  t h e r e f o r e  r ead  -.5250000+33 by 

moving t h e  decimal p o i n t  3 p l a c e s  t o  t h e  r i g h t  t o  o b t a i n  -525.0000. 

The opt imal  va lue  of  our  o b j e c t i v e  func t ion  (maximum weekly p r o f i t )  

is t h e r e f o r e  $ 5 2 5 .  

Note also t h a t  t h e  " c o s t "  is l i s t e d  nex t  t o  t h e  name c r e a t e d  

fo r  each v a r i a b l e .  The " c o s t "  l i s t e d  nex t  t o  t h e  name c r e a t e d  for 

v a r i a b l e  x is n o a i n g  more t h a n  c t h e  c o e f f i c i e n t  of x i n  

the o b j e c t i v e  func t ion .  
j j' j 



-142- 

CHAPTER 2:  POST OPTIMAL ANALYSIS 

2 . 1  The Dual Problem 

A s i d e  from t h e  f a c t  t h a t  t h e  u t i l i z a t i o n  of an e l e c t r o n i c  

computer t o  ob ta in  t h e  opt imal  s o l u t i o n  t o  an LP problem is much 

more e f f i c i e n t  than  performing the simplex method by hand, addi- 

t i o n a l  i n fo rma t iop  can b e  ob ta ined  from t h e  1108 a f t e r  t h e  opt imal  

s o l u t i o n  h a s  been found. F o r  t h e  most p a r t ,  t h i s  a d d i t i o n a l  in-  

formation i s  o f  t h e  "what i f  . . . " n a t u r e .  That  i s ,  suppose w e  

al ter o u r  o r i g i n a l  problem i n  some manner. Whak can w e  then say 

Jnut our  previous  r e s u l t s ?  

W e  begin t h i s  p o s t  op t ima l  a n a l y s i s  by cons ide r ing  t h e  dua l  

pr  ob L e m .  

L e t  o u r  g e n e r a l  LP problem b e  to\ f i n d  xi; i = 1, 2 ,  . . . . E  

which maximize 

c l x l +  c2 x2 + . . . + cn x n 

subject to:  

+ . . . . + a  x < b l  

a2f x1 + a22 x2 + . . . + a x ( b 2  
I n  n -  

2n n -  

(1) all x1 f a12 x2 

+ .am2 x2 + * + am xn ("m 

( 2 )  xi)O; i = l ,  2 ,  . . . , n 
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W e  s h a l l  c a l l  t h e  above LP problem our  P r i m a l  Problem. 

Corresponding t o  t h i s  p r i m a l  problem, w e  have t h e  fo l lowing  Dual 

Problem. 

F ind  yi; i = 1, 2 ,  . . . , m_ which minimize 

a l n  Y 1  + a Z n  Y 2  + a3n Y3 + * 
* 

0 ;  i = 1 , 2 ,  . . . ,  m 

Note t h a t  w e  have changed form,maximizing t.0 minimizing the 

o b j e c t i v e  f u n c t i a n  and t h a t  i n  ( I ) ,  w e  have changed the o r d e r  of 

i n e q u a l i t i e s  as w e l l  as in t e rchang ing  t h e  rows and columns of 

c o e f f i c i e n t s .  

EXANPLE: Recall t h a t  t h e  example w i t h  which w e  have been working i n  

Chapter  1, P a r t  111, is: 

2x + 6x2 + 8x3 1 

Maximize s u b j e c t  to: 

(1) 8x1 + 2x2 + 3x3 < - 200 

< 100 4 X l  + 3xz I 

2x1 + x3 50  

x3 < 2d - 

(2)  xi L 0; i = 1, 2 ,  3 
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Our dua l  problem t o  t h i s  primal. problem then  is: 

Min i m i  ze 
200yl + 100y2 + 50y3 + 20y4 

( 2 )  y i 2 0 ;  i = I, 2 ,  3 ,  4 

I f  t h e  gene ra l  LP problem (page 1 2 4 )  i s  such t h a t  a few of 

t h e  i n e q u a l i t i e s  of c o n d i t i o n  (1) d i f f e r  i n  o r d e r ,  t h e  s i t u a t i o n  

can be  remedied by mul t ip ly ing  by a n e g a t i v e  one. 

I f  any of t h e  r e s t r a i n t s  of (1) are equa t ions  r a t h e r  t han  

i n e q u a l i t i e s ,  w e  a d j u s t  t h e  dua l  problem a p p r o p r i a t e l y .  T h a t  i s ,  

if t h e  i - t h  r e s t r a i n t  (i = 1, 2 ,  . . . , m) o f  c o n d i t i o n  (1) i n  

the pr imal  problem is  an e q u a t i o h ,  w e  renove t h e  n o n n e g a t i v i t y  

requirement  from t h e  i - t h  v a r i a b l e ,  yi ,  i n  t h e  d u a l  problem. 

Likewise,  i f  t h e  i - t h  v a r i a b l e ,  x of  t h e  pr imal  problem i s  i' 
n o t  r equ i r ed  t o  b e  nonnegat ive by c o n d i t i o n  ( 2 ) ,  t hen  t h e  i - t h  

r e s t r a i n t  i n  cond i t ion  (1) of t h e  d u a l  problem i s  an  equat ion .  

This  may s e e m  a b i t  compl ica ted ,  and indeed ,  d u a l i t y  theory 

can become very complex. 

* f The impor tan t  t h i n g  t o  n c t e  h e r e  i s  t h a t  to  every  r e s t r a i n t  

i n  cond i t ion  (1) o f  t h e  pr imdl  problem t h e r e  co r re spon l s  a v a r i a b l e  

i n  the d u a l  problem. * * * 
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I t  seems, t h e r e f o r e ,  t h a t  in format ion  a b o u t  t h e  r e s t r a i n t s  

i n  (1) of our  LP problem (the pr ima l )  should  be ob ta ined  from t h e  

s o l u t i o n  to the dual problem. Th i s  in format ion  i s  ob ta ined  by 

merely i n c l u d i n g  t h e  c a r d  

in o u r  deck a f t e r  t h e  command, PRIMAL. 

An i n t e r p r e t a t i o n  of  the s i g n i f i c a n c e  of t h e  s o l u t i o n  t o  t h e  

dual problem can b e  found i n  G a s s ,  page 93.  With r e f e r z n c e  to 

ouK example, the 1 1 0 8  w i l l  i n t e r p r e t  the d u a l  s o l u t i o n  and p r i n t  

t h e  ou tpu t  given on the fo l lowing  page. 

W e  r ead  from this t h a t  i f  t h e  r igh t -hand s i d e  of t h e  r e s t r a i n t  

corresponding t o  MILMCH w e r e  i nc reased  by one u n i t ,  t hen  t h e  ob- 

j e c t i v e  func t ion  would i n c r e a s e  by 2.25 u n i t s ,  t h e  l i s t e d  shadow 

price .  

u h i t ,  t hen  t h e  o b j e c t i v e  f u n c t i o n  would decrease by 2.25 u n i t s .  

I f  the r igh t -hand s i d e  of t h i s  r e s t r a i n t  decreased  by one 
I - 

That  i s ,  w i t h  r e f e r e n c e  t o  our  o r i g i n a l  problem, Sec t ion  2 . 1 ,  

P a r t  11, - i f  t h e r e  w e r e  200 + 1 = 2 0 1  machine hours  p e r  week a v a i l a b l e  

on t h e  m i l l i n g  machine, t h e  optimal s o l u t i o n  would y i e l d  a va lue  of 

$525.00 + $2.25 = $527.25 f o r  t h e  p r o f i t  func t ion .  I f  t h e r e  w e r e  

200 - 1 = 199 machine hours  per week a v a i l a b l e  on this machine, 

t h e  optimal value of the p r o f i t  func t ion  would b e  $525.00 - $.SO 
= $ 5 2 4 . 5 0 .  

Also, i f  t h e  sales p o t e n t i a l  f o r  product  3 w e r e  20 + 1 = 23. 

units p e r  week, the optimal va lue  of  the o b j e c t i v e  f u n c t i o n  would 
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be  $525.00 + $1.25 = $526.25; w h i l e  i f  t h i s  s a l e s  p o t e n t i a l  were 

20 - 1 = 1 9  u n i t s  pe r  week, t h e  opt imal  va lue  of t h e  p r o f i t  func t ion  

would be $523.75. 

A change i n  the machine hours  p e r  week a v a i l a b l e  on t h e  

g r i n d e r ,  however, would have no e f f e c t  on t h e  opt imal  value of  t h e  

p r o f i t  f u n c t i o n .  

If a n e g a t i v e  shadow p r i c e  had appeared,  an i n c r e a s e  i n  t h e  

number $0 t h e  r i g h t  of the "5" s i g n  i n  t h e  cor responding  r e s t r a i n t  

would cause  a decaease  i n  the opt imal  va lue  of t h e  p r o f i t  f u n c t i o n .  

I t  should  b e  noted  t h a t  w e  wished t o  maximize our  o b j e c t i v e  

f u n c t i o n  i n  t h i s  problem. I f  t h e  o b j e c t i v e  f u n c t i o n  w e r e  t o  b e  

minimized i n  an LP problem, a p o s i t i v e  shadow p r i c e  L i s t ed  n e x t  t o  

a r e s t r a i n t  label would imply t h a t  zn i n c r e a s e  i n  t h e  nwnber on 

t h e  r igh t -hand s i d e  of t h e  "s'' s i g n  f o r  t h i s  r e s t r a i n t  would cause  

t h e  opt imal  va lue  of  t h e  o b j e c t i v e  f u n c t i o n  t o  dec rease .  L i k e w i s e ,  

a n e g a t i v e  shadow p r i c e  ior  a r e s t r a i n t  i n  a minimizat ion problem 

-would imply t h a t  an i n c r e a s e  i n  t h e  number t o  t h e  r i g h t  of t h e  

"(" s i g n  i n  t h i s  r e s t r a i n t  would cause t h e  opt imal  va lue  of t h e  

o b j e c t i v e  f u n c t i o n  t o  i n c r e a s e .  

2.2 Reduced Cos t  

W e  r e c a l l  from sec t ion  3.2,  P a r t  11, t h a t  t h e  opt imal  s o l u t i o n  

t o  t h e  LP problem: 

Maximize + .  . . + c n x n  =1 x1 + c2 x2 
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(1) all x1 + a12 x2 + . * - + aln xn = bl 

+ a22 A2 + . . . . . + a2n xn = b2 a 2 1  x1 

a m l x 1 + q m 2 x  + .  . . . . + a  x =I? ,  2 m n n  

( 2 )  xi L 0; i = 1, 2 ,  . . . , n 

is  determined by t h e  proper  choice  o f  t h e  m b a s i s  v a r i a b l e s .  That  

i s ,  if w e  know which m v a r i a b l e s  are o u r  b a s i s  v a r i a b l e s  f o r  t h e  

opt imal  s o l u t i o n ,  t h i s  s o l u t i o n  can be e a s i l y  found by s e t t i n g  t h e  

remaining n-m v a r i a b l e s  equa l  t o  ze ro  and s o l v i n g  t h e  r e s u l t i n g  

system of m equa t ions  i n  m unkno-ms (for which there e x i s t s  a unique 

s o l u t i o n  by t h e  assumption of S e c t i o n  3.1, P a r t  11). 

A s s u m e  t h e n ,  t h a t  w e  have obta ined  an op t ima l  s o l u t i o n  t o  

t h e  above LP problem. 

somewhat. That i s ,  w e  are faced  wi th  an LP problem which is  s i m i l a r  

Suppose ndw t h a t  t h i s  LP problem i s  a l t e r e d  

t o  ou r  o r i g i n a l  e x c e p t  t h a t  a change i n  t h e  p h y s i c a l  phenomenon f o r  

which it i s  a model e f f e c t  a s l i g h t  change i n  t h e  c o e f f i c i e n t s  of 

the o b j e c t i v e  f u n c t i o n  (the c . )  o r  a s l i g h t  change i n  t h e  r i g h t  

hand s i d e  va lues  of condi t ioi .  (1) ( t h e  b . )  . 
3 

J 
The q u e s t i o n  arises: W i l l  the b a s i s  v a r i a b l e s  f o r  ou r  op t ima l  

s o l u t i o n  t o  our  new probler:  d i f f e r  from t h e  basis  variables f o r  the 

optimal s o l u t i o n  t o  o u r  o r i g i n a l  problem? 



in o u r  deck a f t e r  t h e  DUAL command, answer t h e  fo l lowing  ques t ion :  

* * Suppose x; is  e a basis v a r i a b l e  f o r  t h e  opt imal  s o l u t i o n  t o  
J 

o u r  LP problem. 

i n  the o b j e c t i v e  

v a r i a b l e  for  the 

The redqced 

j 
By what amount must c t h e  c o e f f i c i e n t  of  x 

f u n c t i o n ,  be reduced b e f o r e  x can become a b a s i s  

op t ima l  s o l u t i o n  t o  t h i s  a l t e r e d  LP problem? * * 
c o s t  o u t p u t  f o r  our  example i s  given on t h e  fo l lowing  

j f  

j 

page. W e  r ead  t h a t  i f  ou r  object ive f u n c t i o n  

w e r e  changed t o  

t h e  nonbasis  variable, x4, ( r e p r e s e n t e d  by MILMCH) , of  o u r  o r i g i n a l  

LP problem would become a b a s i s  v a r i a b l e  f o r  ou r  new LP problem. 

Likewise,  i f  o u r  o b j e c t i v e  f u n c t i o n  w e r e  changed t o  

7' 20x1 + 6x2 + 8x3 + Ox4 - .5x5 - OX6 + ox 

t h e  nonbasis  v a r i a b l e  x5 ( r e p r e s e n t e d  by LATHE) would become a 

b a s i s  OU 

20x1 + 6xZ + 8x3 + Ox4 + Ox5 + Ox6 - 1 . 2 5 ~ ~ ~  

the nolibasis variable, x7 ( r e p r e s e n t e d  by SALPT3) would become a 

t h e  op t ima l  s o l u t i o n  t o  o u r  new LP problem. 
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i n  o u r  deck a f t e r  t h e  REDCST command w i l l  e f f e c t  t h e  Dual Range 

Outpu,t and t h e  Pr imal  Range Output.  

2.3.1 Dual  Range Output  

Suppose t h e  r e s t r a i n t  (1) of o u r  LP problem i s  i n  t h e  form 

+ a12 x2 + . . . . + aln x n < b l  $11 x1 
a21 x1 + a22  x2 + . + a2n x n C b 2  

aml x1 + am2 x2 + . . . e + am x* "<bm 

W e  c r e a t e  a system of equa t ions  by i n t r o d u c i n g  slack v a r i a b l e s  

t o  o b t a i n  

= bl 

a21 x1 -+ a22 x2 + . . . . + a2n xn + Xn+2 = b2 
n + l  all x1 + a12 x2 + . - + a I n  xn + x  

- 
+ amn xn + Xn+m - b* aml x1 + am2 x2 + . 

The d u a l  range ou tpu t  g i v e s  u s  in format ion  about  t h e  nonbasis 

v a r i a b l e s  f o r  the op t ima l  s o l u t i c n  t o  our  LP problem. That  is, it 

t e l l s  us  the range i n  which t h e  "or ig ina l .  z c t i v i t i e s "  of t h e  non- 

b a s i s  variables may vary  b e f o r e  t h e  r e s p e c t i v e  nonbas i s  va r i ab le  

w i l l  r e p l a c e  a l i s t e d  b a s i s  v a r i a b l e .  
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By t h e  " o r i g i n a l  a c t i v i t y "  of a v a r i a b l e ,  w e  mean t h e  va lue  

which t h a t  var iable  assrimes i n  t h e  f i r s t  s t e p  of t h e  s implex 

procedure.  A s l a c k  v a r i a b l e  w i l l  be  i n  t h e  b a s i s  f o r  t h i s  f i r s t  

s t e p  of t h e  s implex method. The o r i g i n a l  a c t i v i t y  of a s l a c k  

variable w i l l  t h e r e f o r e  be t h e  r igh t -hand s i d e  of t h e  i n e q u a l i t y  

which it r e p r e s e n t s .  

* * *From t h e  d u a l  range o u t p u t ,  t h e r e f o r e ,  w e  o b t a i n  informat ion  

about  the r igh t -hand  s i d e s  of t h e  i n e q u a l i t i e s  which g ive  rise t o  

s l a c k  var iables  which are n o t  i n  t h e  b a s i s  f o r  t h e  opt imal  s o l u t i o n . *  * * 
The d u a l  Fange ou tpy t  answers t h e  fo l lowing  ques t ion :  

* * Suppose t h a t  x i s  a s l a c k  varicable which i s  n o t  -. i n  t h e  b a s i s  

f o r  t h e  opt imal  s o l u t i o n  t o  ou r  problem. B y  what a m o u n t s  may t h e  

r igh t -hand s i d e  of t h e  i n e q u a l i t y  which g ives  r ise  t o  t h i s  s l a c k  

v a r i a b l e  vary be fo re  a b a s i s  v a r i a b l e  f o r  t h e  opt imal  s o l u t i o n  t o  

o u r  o r i g i n a l  problem is  rep laced  by x as a b a s i s  v a r i a b l e  t o  t h e  

opt imal  s o l u t i o n  of ou r  new problem? * * 

j 

. .  

j 

x4, x5, and x ( r e p r e s e n t e d  by the l a b e l s  MILMCH, LATHE, and 

SALPT3, r e s p e c t i v e l y )  are t h e  v a r i a b l e s  which are n o t  i n  t h e  b a s i s  

f o r  t h e  opt imal  s o l u t i o n  t o  ou r  example problem. Furthermore,  

x4, x5, and x7 are s l a c k  v a r i a b l e s  corresponding r e s p e c t i v e l y  t o  

t h e  f i r s t ,  second, and f o u r t h  i n e q u a l i t i e s  of c o n d i t i o n  (1). The 

7 

" o r i g i n a l  a c t i v i t i e s "  of  x4, x5, and x are t h e  r igh t -hand s i d e s  of  7 
t h e s e  t h r e e  i n e q u a l i t i e s :  200 ,  100,  and 20, r e s p e c t i v e l y .  
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The d u a l  range o u t p u t  for  o u r  example i s  g iven  on t h e  fo l lowing  

page. From t h i s  w e  r ead  t h a t  t h e  r i g h t  hand s i d e  of i n e q u a l i t y  

MlLMCN may vary between 200-73.333333 = 126.666667 and 200 + 
73.333333 = 273.333333 w i t h o u t  e f f ec t ing  a change i n  t h e  bas i s  

v a r i a b l e s  f o r  t h e  opt imal  s o l u t i o n .  I f  t h e  r igh t -hand s i d e  of 

t h i s  i n e q u a l i t y  is decreased beyond 126.666667 i n  ou r  new LP problem, 

X ( r e p r e s e n t e d  by PROD I), which i s  a b a s i s  v a r i a b l e  f o r  o u r  or i -  

g i n a l  problem, w i l l  no longe r  be a b a s i s  v a r i a b l e  fo r  t h e  optimal 

s o l u t i o n  of o u r  new LP problem. I f  the r ight -hand side of t h i s  

i n e q u a l i t y  i s  increased beyond 273.333333, t h e  b a s i s  variable x6 

( r e p r e s e n t e d  by GRNDER) w i l l  no longe r  be a b a s i s  variable for t h e  

optimal s o l u t i o n  of o u r  new LP problem. 

1 

L i k e w i s e ,  i f  t h e  r igh t -hand  s i d e  of i n e q u a l i t y  LATHE decreases 

beyond 100  - 10 = 9 0 ,  b a s i s  v a r i a b l e  x6 ( represenked by G W D E R )  w i l l  

leave t h e  bas i s .  

beyond 100 + 110 = 210, basis v a r i a b l e  x1 ( r ep resen ted  by PROD 1) 

w i l l  no longe r  be  i n  t h e  b a s i s  f o r  t h e  op t ima l  s o l u t i o n  t o  our 

new problem. 

If the r igh t -hand  s ide of  t h i s  i n e q u a l i t y  i n c r e a s e s  

\ 

A l s o ,  i f  the r igh t -hand  s i d e  o f  i n e q u a l i t y  S A L P T 3  dec reases  

beyond 20  - 20 = 0, basis variable x2 ( r e p r e s e n t e d  by  PROD 2) w i l l  

not be i n  t h e  basis  f o r  the  opt imal  s o l u t i o n  t o  o u r  new problem. 

If the r igh t -hand  s ide  of this i n e q u a l i t y  inc rea - . e s  beyond 20 f 

24.444444 = 44.444444, xl, a b a s i s  variable f o r  t h e  opt imal  s o l u t i o n  

t o  our o r i g i n a l  LP problem, w i l l  n o t  be i n  t h e  bas i s  for t h e  optimal 

s o l u t i o n  t o  our  new LP problem. 
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2.3.2 Primal  Range Output 

L e t  the o b j e c t i v e  f u n c t i o n  of  o u r  o r i g i n a l  LP problem be  

c1 x1 + c2 x2 + 4 + cn xn 

The p r i m a l  range ou tpu t  answers t h e  fol lowing ques t ion  about  

the b a s i s  f o r  t h e  opt imal  s o l u t i o n  t o  t h i s  o r i g i n a l  LP problem and 

t h e  b a s i s  f o r  t h e  opt imal  s o l u t i o n  t o  t h e  L?? problem c r e a t e d  by 

changing the above o b j e c t i v e  func t ion :  

* * Suppose t h q t  x is  a b a s i s  v a r i a b l e  f o r  t h e  opt imal  s o l u t i o n  

t o  o u r  o r i g i n a l  LP problem. By what amounts may c ( t h e  c o e f f i c i e n t  

of x i n  t h e  o b j e c t i v e  f u n c t i o n )  vary b e f o r e  x i s  r ep laced  by 

a n o t h e r  v a r i a b l e  i n  the b a s i s  f o r  t h e  opt imal  s o l u t i o n  t o  o u r  new 

LP problem ? * * 

j 

j 

j j 

The pr imal  range o u t p u t  f o r  ou r  example problem is given 

on the fo l lowing  page. From t h i s  w e  r ead  t h a t  i f  0 ,  t h e  o b j e c t i v e  

f u n c t i o n  c o e f f i c i e n t  of  x ( r e p r e s e n t e d  by GRNDER) , dec reases  

beyond -2 ,  x5 ( r e p r e s e n t e d  by LATKE) , r a t h e r  t han  x6, w i l l  be  i n  

t h e  b a s i s  f o r  the opt imal  s o l u t i o n  t o  t h e  new LP problem. 

6 

Also, if 6, t h e  o b j e c t l v e  f u n c t i o n  c o e f f i c i e n t  of  x2,  

d e c r e a s e s  beyond 5 o r  i n c r e a s e s  beyond 1 5 ,  x2 w i l l  be  r ep laced  by 

x o r  x r e s p e c t i v e l y , i n  t h e  b a s i s  f o r  t h e  opt imal  s o l u t i o n  t o  

t h e  new LP problem. 
5 4 '  

F i n a l l y ,  i f  t h e  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t  of x2, 

d e c r e a s e s  beyon4 8 - 1.25 = 6.75,  x7, rather than  x3, w i l l  b e  i n  



I 
0: 

3 
3 
3 
3 

c) 
v 
.) 

J 
3 
f 

> 

J 

J 
I 
> 
3 

3 .. 
r 
c 
i) 

1 
c 
> 

I 

I 

I 

, 



-157- 

111: 2.3.2 

t h e  basis f o r  t h e  op t ima l  s o l u t i o n  t o  o u r  new LP problem. However, 

t h i s  c o e f f i c i e n t  of x3 may i n c r e a s e  as much as w e  desire ( i n d i c a t e d  

by the 9999)  w i thou t  caus ing  x3 t o  leave  t h e  opt imal  b a s i s  f o r  

the r e s u l t i n g  LP problem. 

We have seen t h a t  i f  w e  have an LP problem: 

+ ‘n xn Maximize CI x1 + c2 x2 + . * . 
subject t o :  

x1 + a12 x2 -I- aL 1 I n  xn = bl . + a  

a21 x1 + a22 x2 + . . . . + a2n xn = b2 

x1 + am2 mi xn x f . .  . . + a  2 

3 f o r  which w e  have a s o l u t i o n ,  and i f  w e  then  a l t e r  a c o r  a b 

s l i g h t l y  t o  o b t a i n  a new LP problem, w e  may be able t o  d e t e r m i n e  

from the o u t p u t  of ou r  o r i g i n a l  problem, t h e  b a s i s  f o r  t he  opt imal  

s o l u t i o n  t o  the new problem. Knowing t h e  b a s i s  €or t h e  opt imal  

s o l u t i o n  to t h i s  new problem e n a b l e s  us  t o  f i n d  t h i s  op t imal  solu-  

t i o n  i n  a straightforward manner rather tiian a t t ack ing  the 

problem w i t h  no informat ion  about the s o l u t i o n .  

j 

If w e  are s o l v i n g  t h e  problem by hand, w e  merely s o l v e  DX = B 

t o  o b t a i n  X = D’lB where D i s  the square  m x m ma t r ix  whose colunmu 

are t h e  opt imal  basis  v e c t o r s .  
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If w e  are s o l v i n g  t h e  p rob l  

the b a s i s  v a r i a b l e s  i n  Our deck of ca rds .  For t h e  s p e c i  

n ique  h e r e ,  refer t 9  UP-4136, Sect ion 5,  page 54, 5 .29 .1 .2 .  

\ 

2 . 4  Errors 

The c a r d  

inc luded  i n  our  deck a f t e r  the command RANGES e f f e c t s  t h e  o u t p u t  

of t h e  Dual E r r o r  Ana lys i s  and t h e  P r i m a l  E r r o r  Analys is .  These 

e r r o r s  may ar ise  as a r e s u l t  of the repea ted  rounding o f  decimals  

a t  each i t e r a t i o n .  

2 . 4 . 1  Dual E r r o r  Analys is  

Recall t h a t  i n  each t a b l e a u  of t h e  simplex method, w e  have 

a v e c t o r ,  T ,  whose components a r e  t h e  o b j e c t i v e  func t ion  c o e f f i c i e n t s  

of t h e  v a r i a b l e s  which are i n  t h e  b a s i s  f o r  this t a b l e a u .  

The opt imal  basis g ives  rise to  o u r  f i n a l  t a b l e a u .  The T 

v e c t o r  f o r  t h i s  f i n a l  t a b l e a u  i s  the &:)where xs, xrr . . . x t 
are t h e  b a s i s  v a r i a b l e s  f o r  t h e  

t h e  LP problem. 

w e  can then  c a l c u l a t e  T'P - c f o r  j = 1, 
j j 

Note t h a t  i f  xs i s  a b a s i s  v a r i a b l e ,  t h e n  P 

Oc2+ . . . +  IC + . . .  + ocn = 

9' 

= e 
q 

i n  &e f i n a l  t ab l eau .  Hence T P = Ocl + 
9 
c for  a b a s i s  
9 q 

v e c t o r  P 
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If w e  l e t  Z = T * P  w e  see t h a t  i f  o u r  c a l c u l a t i o n s  are 
j j' 

e x a c t ,  w e  should  have Z = c f c r  t hose  j f o r  which x is  an 

opt imal  b a s i s  v e c t o r .  
j j j 

\ 

The d u a l  error a n a l y s i s  ou tpu t  l ists  t h e  l a b e l s  f o r  t h e  

opt imal  b a s i s  v a r i a b l e s  and then  t h e  corresponding Z ar.d c and 

t h e i r  d i f f e r e n c e  which should  be ze ro  excep t  f o r  rounding errors. 
j j 

The d u a l  error a n a l y s i s  for  ou r  example i s  given on t h e  

fo l lowing  page. 

2 .4 .2  P r i m a l  Error Analys is  

An e r r o r  a n a l y s i s  whose n a t u r e  i s  easier t o  understand i s  

t h e  pr imal  error a n a l y s i s .  W e  look a t  c o n d i t i o n  (1) t o  o u r  LP 

problem i n  i t s  f i n a l  form as a system of s imultaneous l i n e a r  

equat ions :  

all x1 + a12 y2 + . . . . + aln xn = bl 

"21 x1 + a 2 2 ~ 2 + . . . . + a  2n x n = b 2  

- 
a m l  x 1 + a m 2 x  2 + . . . . +  a m x n  - bm 

W e  . t ake  t h e  opt imal  s o l u t i o n ,  X = ~~~ which w e  o b t a i n  and 

s u b s t i t u t e  t h e s e  va lues  i n t o  each of the 

m equa t ions .  We t hen  compare t h e  X 

va lue  ob ta ined  by c a l c u l a t i n g  

ail x1 + ai2 x2 + ai3 x3 . . . + ain x n 
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( fo r  xl, x z P  . . . , x of t h e  opt imal  s o l u t i o n )  w i t h  t h e  bi on 

t h e  riI.Jht-hand s i d e  of t h e  equa t ion .  
n 

Our pr imal  error a n a l y s i s  o u t p u t ,  t h e n , c o n t a i n s  t h e  name 

c r e a t e d  f o r  each of  t h e  equa t ions  wi th  t h e  c a l c u l a t e d  va lue  of 
\ 

ail x1 + ai2 x2 t. 
of t h e  des igna ted  equa t ion ,  and t h e  d i f f e r e n c e  (which should 

b e  ze ro  e x c e p t  €or rounding e r rors ) .  

. + ain xn,  t h e  bi on t h e  r igh t -hand  s i d e  

The pr imal  error a n a l y s i s  f o r  o u r  example problem i s  given 

on t h e  fo l lowing  page. 
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CHAPTER 3 :  SAMPLE RUNS 

We s h a l l  l i s t  liere a p r i n t i n g  of t h e  deck of cards necessa ry  

t o  o b t a i n  t h e  informat ion  which w e  have d i scossed  as w e l l  as t h e  

informat ion  ob ta ined  as  a r e s u l t  of submi t t i ng  s a i d  deck of cards. 

W e  s h a l l  do t h i s  f o r  t h e  f i v e  problems discussed i n  Chapter  2 ,  

P a r t  11. 

3.1 The Product  Manufacturing Problem 

W e  have c r e a t e d  names for  t h e  v a r i a b l e s  xl, xz, x3 '  the f o u r  

i n e q u a l i t i e s ,  and t h e  objective func t ion  i n  Section 1 . 3 ,  Part 111. 

The 1 1 0 8  then  a s s i g n s  the f o u r  names which w e  have created for the 

f o u r  i n e q u a l i t i e s  t o  the f o u r  r e s p e c t i v e  s l a c k  v a r i a b l e s  x4' x5, 

x6, and x7.  

Our deck of cards f o r  this problem t hen  has  t h e  fo l lowing  order: 

G A S G P T  TFF%eF// /500 
EASGpT LP~RPEvTvlelZ 
C A S G P T  9 n T , S C R T C b  
G F I h f l ~ a  L P T J ~ P E , L P I I O P / E ~ S  
&CCFIhrA LPYAP€.LPilOe/EeSI?PFB. 
EFREE LPTAPE 
GXGT . L P i % n R / m S  
LCAD 
RCk XD 

V A T R I X  
5 PROFIT +VILtJCH *LATHE tGRRDFR +SALPT3 

PROO PPROFlT 20, 
PROC IVPLMCH e. 
PROO l L A I H E  4. 
PROD IGRNDER 2 .  
PROC 2PROF IY 6. 

2 .  
PROO 2 L A T H E  3 .  
PRCC JPROFiT e, 
PRCC JIYfLVCh 2 .  
PRcn S G R R Q E R  1. 
PROC 3SALPT3 3.. 

PILMCH 200. 
FXRSTB - . 

- *,."" . 
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EhCAYA 

LATHE I O O e  
GHhCER 50, 
5ALPT3 200 

V A T R I X  
EGL IS1 
V J T X V A P  
GCECGC 
P F I P A L  
CLAL 
RECCST 
RAkGES 
ERRCRS 

E F I h  
EhCdOe 

W e  have seen  i n  Chapters  1 and 2 t h e  informat ion  which w e  o b t a i n  

as a r z s u l t  of submi t t i ng  these ca rds .  

3. )The D i e t  Problem 

R e c a l l  from Section 2.2,  P a r t  11, w e  wish to minimize 

L O X  + l . l x 2  4- o.5x3 1 

subject t o  the r e s t r a i n t s  : 

+ x2 + 10x3 2 1 
l o x 2  + lox3 2 50 

(1) x1 
100xl + 

loxl -I- 1oox2 + l o x 3  210 

( C O S T )  

(VIT A) 

(VIT C )  

(VIT D) 

W e  create t h e  fo l lowing  names f o r  t h e  v a r i a b l e s  xl, x 2 ,  x3: 

GLMILK = x = the number of g a l l o n s  of milk i n  t h e  d a i l y  d i e t  

LBBEEF = x - the number of pounds of bee f  i n  t h e  d a i l y  d i e t  

DZEGGS = x3 = t h e  number o f  dozens o f  eggs i n  t h e  d a i l y  d i e t  

1 

2 -  
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W e  have c r e a t e d  names f o r  t h e  t h r e e  r e s t r a i n t s  of cond i t ion  

(1) and the o b j e c t i v e  func t ion  and have l abe led  t h e s e  rows accord- 

i n g l y .  The 1108 w i l l  a s s i g n  t h e  label which w e  have gi-ven t o  any 

i n e q u a l i t y  t o  the s l ack  v a r i a b l e  which a r i s e s  from this i n e q u a l i t y .  

Therefore ,  if w e  w r i t e  condi t ion  11) i n  t h e  form of t h r e e  

l i n e a r  equa t ions  I w e  have : 

-xi - x2 - l o x  + x4 =- 1 
3 

=-50 

+ x =- lo  
5 -looxl -lox2 - lox3  + x  

-lox1 -100x2 - b o x 3  6 

(See Chapter 1, P a r t  111 

6' The 1 1 0 8  w i l l  a s s i g n :  V I T  A = * c 4 ;  VIT e = x5; VIT D = x 

A l i s t i n g  of t h e  ca rds  fox this problem follows. 
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F IRSTP. 
W I T  A 1. 
V I T  C 50. 
V I T  ti 10. 

EhCATA 

I V A T R I X  
EGLIST  
I’JTXPJAP 
GCCCGC 
PRIvAL 
CLAL 
HECCST 
HAhGES 
LRRCRS 

6 FIF, 
EhCkOP. 

As a r e s u l t ,  be o b t a i n  t h e  informat ion  given on t h e  f o l l o w i n g  

P?ges. 

page 171. 

Note that page 170 relates t o  t h e  MTXBAP outp i i t  g iven  OR 
\ 
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Note t h a t  the 1108 has changed ou r  problem t o  t h e  fol lowing:  

Maximize 

3 - L O X 1  - L l X 2  - 0.5x 

sub jec t  to: \ 

1 - 
- 1 0 0 ~ ~  - lox2  - lox3 5 -50 

“X - x2 - lox3 < - 1 

-lox1 -100x2 - lox3  < L -10 

(1) 

The d u a l  o u t p u t ,  reduced cost o u t p u t ,  etc.,  f o r  this example 

are given on t h e  fo l lowing  pages.  
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Here w e  have again i n d i c a t e d  t h e  name given t o  each r e s t r a i n t  

of cond i t jon  (1) and t o  t h e  o b j e c t i v e  func t ion .  W e  also c r e a t e  the 

W e  l e t :  , ' x12' fo l lowing  names f o r  t h e  v a r i a b l e s  xl, x2 ,  . . . 
1 I N  A=xl= # barrels of c o n s t i t u e n t  1 a i l o c a t e d  t o  g a s o l i n e  grade A p e r  day 

2 I N  A=x2= # 'I 2 grade A " I1  
11 I t  I1 I1 I1 

11 It t l  I1  11 3 I N  A=x = # 'I 3 grade A 'I 3 
I 1  

4 I N  A=x4= # I' It 4 I1 11 81 grade A " I1 1; 

1 I N  B=x = # b a r r e l s  o f  c o n s t i t u e n t  1 a l l o c a t e d  t o  g a s o l i n e  grade B pe r  day 

2 I N  B=x6= # I' 2 grade R It 

3 I N  B=x = # I' 3 grade B I t  7 

I N  B=x8= # 'I 4 grade B " I 1  

IF C=x9= B barrels of c o n s t i t u h t  1 a l l o c a t e 4  t o  g a s o l i n e  grade C per  day 

5 
11 I1  11 I 1  19 I1 

I1 I 1  I1 11 11 

It 11 I t  I 1  I1 

I t  I1  I t  grade C I' 2 I N  C=xl0 # 2 I1 
I 1  I1 

II I1  I1  11 I1 3 I N  C=xll # 'I 3 grade C It 
I1 

It I t  I 1  I1 11 grade C It 4 I N  C=x # Is 4 I J  

12 

A l i s t i n g  of t h e  ca rds  which w e  c r e a t e  t o  s u b m i t  t o  t h e  U N I V ~ ~ C  

110  8 fol lows : 

4INERD4 
-PCT 2R 
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111: 3 . 3  

M A T R I X  - 
1 I k  A P R C F I T  
1 Ih A I h ' G R C 1  
1 I h  APCT 1 A  
1 I h  APCT 2A- 
1 I h  APCT 3 A -  

2 I h  AIhGRC2 
2 Ih  A P C T  1 A -  
2 I h  APCT 2 A  
2 I h  APCT ? A -  

. 3 I h  A P R C F I T  
3 I h  APCT 1 A -  
3 I h  APCT 2A- 
3 IN A P C T  3A 
4 I h  A P R o F X T  
4 I h  AIEICHC4 
4 Ih  aPCY P A -  
4 &h RFCT 2A- 
4 I h  APCT :A- 
I IF;  APROFIT 
1 Ih  RIhGRC1 
1 I h  R P C T  1 M  
1 J h  HPCT 2R- 
2 Th RPROFTT- 
2 f h  RINGRCE 
2 Ih A Q C Y  15- 
2 I h  RPCT 28 
3 I h  R P R C F I T  
3 I h  RINGRE3 
3 I h  RPCT 18- 
3 I h  RPCT 28- 
4 I h  RBROF'PT- 
4 I h  B I N G R C 4  
4 I h  FIPCT l B -  
b I h  RPCT 28- 
1 I h  C P R O F I T  
1 I h  CIbGRCI 
1 I h  CPCT IC 
2 I h  C P R O F I T -  
2 I h  CXNGR132 
2 I h  CPCT PC- 
3 I h  CPROFIT- 
3 I h  CHRGROS 
3 I h  CPCT IC- 
4 Ih  CPROFHT- 
4 fh CINGR84 
4 Ih CPCT 1c- 

2 Ih' APRCFIT- 

2.5 
1.0 
.7 
.4 
05 
0 5  

03 
06 
.5 

1 .5  
* 3  
.4 
o s  

05 
1.0 

e 3  
.4 
05 

1.5 
1, 
.5 
. I  

1.5 
1 * 0  

.5 

.9 
05 

1.0 
05 
0 1  
.5 

1.0 
05 
0 1  
05 

1.0 
03 

2.5 
1,o 

.7 
r 5  

1.0 
07 

1.5 
1.0 

09 

1. 

I 
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111: 3 . 3  

FIHSTA 

EhCATA 
V A T R ~ X  
EGL15T 
V T X V A P  
GOGOGC 
PR IVAL 
CLAL 
H E C C S T  
RAAGES 
ER RCRS 
EhC JOB 
E F I N  

I K G K C l  2nOO. 
INGHC2 2000.  
INGREZ 4000. 
IkGRC4 1000. 

A s  a result, w e  ob ta in  the information given on the fol iowing 

1 3  pages. 
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1x1: 3.4 

A 

V 
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Vi 
X" 
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1x1: 3.4 
i 
i 

W e  have again labeled  each of the restra ints  of condition (1) ! 

W e  create the following names fo r  thet' 
l 

and the object ive  function. 

variables x I t  x2, x3, . . . , xg: I 

k 

A 1  = x1 

A2 = 

the number of acres a t  farm 1, devotes to crop A 

. farm2 'I It Crop A 

I* farm 3 '' 'I crep A 

". !' farm 1 " . It crop 13 

'* farm 2 " I' , crop p 

'I, crop B 

c1 = x7 = the number of acres at farm 1 devoted t o  crop C 

If If If 

x2 = 
A3 = "3 k '4 I? 

B l  = x4 - 

B3 = x6 - - 11 N '1 " farm 3 N ,  

c2 = x* = 'I 

I1 a * II 

I) 11 11 8 2  = x5 * 
n 

It n '' farm 2 N " crop c 
" N . farm 3 cropc 

I .  

11 - n  I1 

. .  x9 - c3 = 

Our deok for this run, then. cons i s t s  of the following cards: 
3 



W e  obta in  the  information given oil the  following 1 3  pages. 
I ’  ‘ I ? !  1 . I  I 

J .  

3 . 5  -The N u t  Mix Probxem 

., From Section 2.5, Part I€, we wish to maxiprize 

SX + .25X2 + * 1 5 X 3  +  OX + .10X5 + OX6 - ,4Ox7 + Ox8 .- .~OX~(PROFIT) 
1 4 \  

(same as on pagh 93) subject to: 

C1) 

‘ - 0 . 5  x1 i- 0.5 x2 + 0 * 5  x3 < O ( M I X  A I )  

-0.25#tl + 0 . 7 5 ~ ~  - 0 . 2 5 ~ ~  . < O ( M I X  A21 

-0.75~~ + 0 . 2 5 ~ ~  + 0 . 2 5 ~ ~  , 5 O ( M I X  B1) 

-0 .5  x4 + 0.5 x5 - 0.5 X6 O ( M I X  B 2 )  

100(CAP C) 
x1 +x4 +x7 
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the fo l lowing  n 

MA-CAS = x1 = the numher of cashews i n  mixture A 

MA-PEA.= x2 a e  nttmber of peanuts  i n  mixture  A 

MA-HA2 = 

MB-CAS = x4 =f the number of cashews i n  mixttlre A 

MB-PEA = x5 = t h e  num4er of peanuts  i n  mixture 13 

= me number of h a z e l  n u t s  i n  mi&ture A x3 

MB-HAZ = x6 = the nunber of h a z e l  n u t s  i n  mixture B 

MD-CAS = x7 = the number of cashews i n  mixture  D 

MD-PEA = x8 = #e number of peanu t s  i n  mix%ure b 

MD-HA2 = x9 = the number of haze l  n u t s  i n  mixture  D 

A l i s t i n g  pf the cards i n  o u r  deck for t h i s  run follows: 



NA-HftZCAP h 
t i?R-CnSPROfIT-  
YR-C&SF/IX Rl- 
NR-CASWIX R2- 
)rB-CASCAP C 
HB-PEAPROFIT 
VB-PPAVIX R 1  
Ye-FEAkrIX R2 
MR-#EACAP P 
w B - H A Z V I X  R 1  

KR-WAZCAP H 
v O ~ A S P R O F I T -  

MD-PEACAP P 

NB-HAZVIX 82- 

Va-CASCkP c 
vO-NbZPROFIT-  
MD-HAZCAP H 

CAP C 
CAP P 
CAP H 

. F I R S T R  - 

E ~ A T A  

YTXPAP 
CQGOGO 
PRIlrrRL 

RECCST 
RAhGES 
E R R O R S  
EhCJQB 
f FIN 

LvATRIX 
EGLLEiT - ~ . 

. 5UAL 
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1 cQ 
$30 . 75 
-50  

1.6 
*l  
25 

.S 
iro 

.25 

.5 
140 

e 4  
1.0 
1.0 
1.0 
1.0 

100. 
100 . 
60 

111: 3.5 

As a result, we obtain $he information given on the fol lowing pages. 
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